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La Nature est un temple ou de vivants piliers
Laissent parfois sortir de confuses paroles;
L’homme y passe a travers des foréts de symboles
Qui I'observent avec des regards familiers.

Charles Baudelaire — Les fleurs du mal

1. Introduction

The Hochschild-Kostant-Rosenberg isomorphism, introduced in [14] for regular alge-
bras and extended later on in a series of papers (e.g. [27], [2], [31], [17]") to different
geometric settings, can be stated as follows:

Theorem. If X is either a complex manifold or a smooth scheme over a field of char-
acteristic zero, and if § is the diagonal injection, then there is a canonical formality
isomorphism

dim X

L&*(8.0x) =~ €D % p]
p=0

in the bounded derived category of coherent sheaves on X.

L For a reproduction of this letter addressed to P. Schapira, see the book [19, Chap. 5].
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This result turns out to be extremely useful in algebraic and complex geometry as
well as in deformation quantization, we refer the interested reader to the non exhaustive
list of papers [7], [24], [26], [11], [4], [5], [10], [21], [19], [1] as well as references therein.

After the pioneering unpublished contribution of Kashiwara [17], there has been a lot
of efforts in recent years to understand more general forms of this isomorphism, corre-
sponding to arbitrary closed immersions instead of the diagonal embedding. It started
with the work of Arinkin and Caldararu [8], and was carried on by lot of others including
Calaque, Tu, Habliczek, Yu and the author (see [6], [9], [32], [13], [12]).

In the present paper, we won’t deal with arbitrary closed immersions into an ambient
smooth scheme, but rather in the corresponding first order thickening. Let k be a fixed
base field of characteristic zero. We state the results in the algebraic setting, but all of
them remain true in the analytic setting as well. One of the principal existing result in
this theory is due to Arinkin and Caldararu:

Theorem A. [8] If X is a smooth k-scheme and j: X — S is a first-order thickening of
X by a locally free sheaf I, then for any locally free sheafV on X, the derived pullback
Lj*(5.V) is formal if and only if T and V extend to locally free sheaves on S.

The main ingredient in the proof is the identification of three cohomology classes
attached to a locally free sheaf V that live in the cohomology group H?(X, Hom(V,Z ®
V)), whose construction we recall now:

(a) The sheaf of sets on X associating to any open subscheme U of X the set of locally
free Og-extensions of V on U is an abelian gerbe whose automorphism sheaf is
Hom(V,Z ® V), so it defines a class in H*(X, Hom(V,Z @ V)).

(b) There is a distinguished truncation triangle

IV — 2 'Li*(,V) — VI

yielding a morphism from V to Z ® V[2] in DP(X), which is the same as a class in
H%(X,Hom(V,Z ®V)).

(c) Ifn € Extéx(ﬂ}(,f) is the extension class of the conormal exact sequence of the
embedding 7,? then the Yoneda product of the Atiyah class of V in Ext%g WV, QL @V)
with 7 ®idy yields a class in Ext3, (V,Z®V) which is again H2(X, Hom(V,Z®V)).

The main breakthrough in Arinkin-Caldararu’s approach is the identification between
the classes defined in (a) and (b). The relation between (a) and (c) had already been
settled earlier on for arbitrary complexes of sheaves by Huybrechts and Thomas [15],
refining previous works of Lieblich [22] and Lowen [23]. In the absolute smooth case,
their result can be stated as follows:

2 The class 7 is called the Kodaira-Spencer class in [15], it is zero exactly if and only if the thickening S
is trivial.
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Theorem B. [15] Let X be a smooth k-scheme and let j: X < S be a first-order thick-
ening of X by a locally free sheaf. Then the essential image of

Lj*: DPef(S) — DPerf(X)

consists of elements Vs in DP*™(X) such that the composition

at x (Ve) n®id

Ve A @Ve[1] 155 T @ V2]

vanishes.

The present object of this paper is twofold: first we present generalizations of Theo-
rems A and B for arbitrary sheaves on S, which are neither locally free nor push-forwards
of sheaves on X. However, we want to emphasize that we don’t generalize Theorem B in
full generality, because we are only dealing with the case of a smooth ambient scheme
in order to avoid considerations about the full cotangent complex.

A crucial tool introduced in the paper is a generalization to complexes of sheaves on
S of the Yoneda product of the Atiyah and Kodaira-Spencer classes: for any complex of
sheaves K, in C™(S) we define a morphism?

Ok.: j Ko = Tord, (Ke, Ox) — Torg, (Ke, Ox)[2]

in D7(X), which is the connection morphism attached to a canonical distinguished
triangle

Torg, (Ke, Ox)[1] — j* cone{Q% @ Ko — P5(K4)} — j* Ko 1

where P} is the principal parts functor.

In our setting, we replace strict perfect complexes on S by a larger class of complexes,
called bounded admissible complexes: these are the bounded complexes ICq such that the
complex Tor}g . (Ke, Ox) is quasi-isomorphic to zero. Up to quasi-isomorphism, bounded
admissible complexes and perfect complexes have a very simple common description: a
complex Ko in D™ (X) is quasi-isomorphic to a bounded admissible complex (resp. is
a perfect complex) if and only if Lj*K, is cohomologically bounded (resp. is perfect).
However admissible sheaves, even coherent ones, form a much larger class than locally
free ones.

Theorem 1.1. Let X be a smooth k-scheme and j: X — S be a first-order thickening
of X by a locally free sheaf. For any bounded complex Ko of Og-modules, the following
properties are equivalent:

3 The functors Tor’bs(*, Ox) are not the usual hypertor functors, but simply the canonical extension to
complexes of the functors Torgs(* ,Ox): Sh(S) — Sh(X).
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— The morphism O, vanishes.

— The morphism Lj*Ke — j*Ko admits a right inverse in D~ (X).

— There exists a bounded admissible complex Lo and a morphism in DP(S) from L to
Ke such that the composition

Lji*Le — Lj*Ke — Ko
is an isomorphism in D~ (X).

Even in the case where ICq is the push-forward of a perfect complex on X, this gives
a new and lighter proof of Theorem B. We also want to emphasize that the equivalent
conditions in Theorem 1.1 do not depend only on the isomorphism class of Ko in D™ (S),
unlike the situation described in Theorem B. However, we can make the link with the
two settings as follows: we construct a suitable localization D34™(S) of C~(S), which
is finer than the usual localization that gives rise to the derived category D~ (X), such
that:

— The Tor functors Torégs( *,0x): C7(S) — C~(X) factor through triangulated
functors from D24 (S) to D~ (X).

— The standard push forward functor j.: D™ (X) — D7 (S) lifts to the admissible
derived category D24 ().

— The morphism © can be interpreted as a natural transformation in the following
diagram

idp—(x)

Tor%s(*, Ox)
— T

Dadm(g) e D)

Torés(*, Ox)[2

L
I[2] ® *

Then the equivalent conditions in Theorem 1.1 depend only on the isomorphism class of
Ko in D2dm(S).

A geometric example® for which the morphism ©y, is nonzero for some line bundle V
on X has been constructed by Arinkin and Caldararu in [8, §4]. It is possible to produce

4 By “geometric” we mean that S is the first formal neighbourhood of X in some ambient smooth scheme.
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examples that are in some sense much worse, since the morphism 6y, doesn’t vanish even
locally.

We now get back to Theorem A. We give a necessary and sufficient condition for the
formality of a derived pullback, as well as an intrinsic interpretation of ©y:

Theorem 1.2. Let X be a smooth k-scheme and let j: X — S be a first-order thickening
of X by a locally free sheaf. If IC is a sheaf of Og-modules, then O is the connection
morphism attached to the distinguished truncation triangle

Torg, (K, Ox)[1] — 727 'Lj*K — j*K

The object Lj*K is formal in D™(X) if and only ©x and {Orer, (x,0x)}p>0 vanish.
s >

If K is the push-forward of a coherent sheaf on X which is not a torsion sheaf, these

conditions are equivalent to the vanishing of Ok and O7.

The morphism © is the key to understand more completely the endofunctor ILj*j, of
D~ (X), which is the second and principal purpose of the paper. This functor is a locally
(but in general not globally) trivial twist of the formal functor V — @@, % @ V[p).
We construct bounded approximations of ILj*j, as follows: let H be the exact endofunctor
of C~(X) defined by

H(V,) = cone {Q} @V, — PL(V.)}.

In other words, the functor H is the Fourier-Mukai transformation associated with the
kernel £ — Og, where € is the pushforward of £ by the diagonal embedding and Ox
is the structural sheaf of the first formal neighbourhood of the diagonal in X x X. Then
H is naturally endowed with a morphism to the identity functor. For any positive integer
n, we denote by H[™ the equalizer of the n natural maps from H" to H" ! induced by
this morphism. Then we prove the following structure theorem:

Theorem 1.3. Let X be a smooth k-scheme and let j: X — S be a first-order thickening
of X by a locally free sheaf. Then the sequence (H[n])nZO induces a projective system
of lax multiplicative endofunctors of D™ (X), and there is a canonical multiplicative iso-
morphism

Lj*j, ~ lim H™

—
n

Besides, if S is globally trivial, then there is a natural isomorphism of functors

lim H" (x) ~ (| @ E®"[n] | ® (%)

n n>0

and for any sheaf V of Ox-modules, the composite isomorphism



J. Grivauz / Advances in Mathematics 361 (2020) 106924 7

Lj*(j.V) ~lim H" (V) ~ @ " [n] @ V

—
n n>0

is the generalized HKR isomorphism constructed by Arinkin and Calddraru in [8].

Let us give some motivation to compute the functor L;j*j,.. The first motivation comes
from the work of Kapranov [16] and Markarian [24]: they construct a structure of derived
Lie algebra on the shifted tangent bundle 7' X [—1] of any complex manifold X, the derived
Lie bracket being given by the Atiyah class.” In the case of the diagonal embedding, this
derived Lie structure has been studied in the framework of Lie groupoids to prove the
geometric Duflo isomorphism conjectured by Kontsevich (see [5], [3]), and its extension
to arbitrary closed embeddings is widely open and of high interest. We believe that the
explicit description of ILj*j, can lead to substantial progress on this question.

The second motivation originates from Kontsevich’s homological mirror symmetry
conjecture [20]: if X is a closed submanifold of a complex manifold Y, then the global
Ext groups Extzby (Ox,Ox) are the counterpart in the B-model of the Fleer homology
groups, and are strongly related to the generalized HKR isomorphism for this closed
immersion.

The last and perhaps more important motivation, that overlaps with the two previous
ones, is that the object Lj*(j.Ox) is the structural sheaf of the derived fiber product
X xg X, this operation being performed in the category of derived algebraic schemes.®
It is of real interest to understand what geometric information can be extracted from
this derived scheme.

Let us now present the organization of the paper.

— §2 recalls well-known constructions on the category of complexes of an additive
category, and its use is mainly to fix the notation and conventions.

— The entire §3 sets the categorical framework in order to find a reasonable candi-
date for the functor Lj*j,. In §3.1, we explain how the formal objects @Z:O GP[—p]
attached to a dg-endofunctor G of the category CP(C) of bounded complexes of an addi-
tive category C can be twisted by a closed dg morphism ©: idcw ¢y — G, thus defining
dg-endofunctors (F},),>0 of CP(C). This is the content of Theorem 3.3. In §3.2, we prove
that the functors F), constructed in the previous part are naturally isomorphic to the
equalizers of the n natural maps from Ag to Ag_l induced by the morphism Ag — id,
where Ag is the cone of © shifted by minus one (Theorem 3.12).

— §4 deals with algebraic properties of modules over trivial square zero extensions of
commutative k-algebras. In §4.1, we prove a few crucial properties for such modules: if
B is a trivial square zero extension of a commutative k-algebra A and V' is a B-module,
then the A-module Tork(V, A) admits a very simple description (Corollary 4.6), and the
higher Tor modules Tor’; (V, A),p > 2 can also be explicitly computed (Proposition 4.7).

5 This is the geometric counterpart of Quillen’s theorem [25].
5 For an overview of derived algebraic geometry, see [29].
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The most important result we prove is the vanishing theorem for principal parts (Theo-
rem 4.8). In §4.2.1, we introduce special classes of complexes of B-modules: admissible
and n-admissible complexes. These complexes are a substitute for bounded flat reso-
lutions or strict complexes (Proposition 4.12) and for perfect complexes if n = 400
(Corollary 4.22 and Proposition 4.24). However, n-admissible resolutions are much more
easy to construct canonically than flat resolutions (Corollary 4.15 and Theorem 4.16). In
§4.2.2, we define the admissible triangulated category D™ (S), which is a substitute for
the derived category of perfect S-modules. Then we prove a structure theorem (Propo-
sition 4.23) allowing to reconstruct any complex of B-modules up to an isomorphism in
Dadm(S) from elementary bricks that are objects and morphisms in D~(A). In §4.2.3,
we define the HKR morphism attached to complexes of B-modules, and give equivalent
algebraic conditions equivalent to its vanishing (Theorem 4.27), which is the local version
of Theorem 1.1. §4.2.4 is devoted to prove crucial splitting-free results: Proposition 4.28
is the key tool to define the HKR in a geometric non-split setting, and Theorem 4.29 is
an essential ingredient for proving Theorem 5.6.

— §5 generalizes the construction of §4 to the geometric setting. The main result is
Theorem 5.6, which is a refined version of Theorem 1.1. Then we deduce Theorem 1.2,
which is obtained by combining Theorem 5.7 and Corollary 5.9.

— The last section §6 is entirely devoted to the proof of Theorem 6.5, which is a refined
version of Theorem 1.3.

Acknowledgments. I would like to thank Richard Thomas for many useful comments,
and Bertrand Toén for is invaluable help. My warmest thanks go to the referee, whose
work and dedication led to a considerable improvement of the paper.

2. The dg-category of complexes
2.1. Generalities on mapping cones

Let C be an additive category. We introduce the following standard notation:

— The categories of complexes of elements of C which are arbitrary, bounded, bounded
from above and bounded from below are denoted by C(C), C(C), C~(C), and C*(C)
respectively. If we want to specify complexes concentrated in degrees that are between
two integers a and b, we write Cl*(C).

— The corresponding homotopy categories are denoted by K(C), K*(C), K~ (C), K*(C)
and Cl?(C).

— If C is abelian, the corresponding derived categories are denoted by D(C), D®(C),
D~(C), DT(C) and DI*tl(C).

— The category C(C) is a k-linear dg-category: for any complexes K and L and for any
integer n we have
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Hom" (K, L) = @) Home (K?, LP*™),
pEZ

the differential
6, : Hom™(K, L) — Hom" ™ (K, L)

being given by the formula

5n<f) = dL [e] f + (—1)n+1f [¢] dK

— All three categories C"(C), C~(C), C*(C) are dg subcategories of C(C).

— For any complexes K and L, we use dashed arrows for morphisms in Ho_mO(K , L),
and plain arrows for morphisms in Z°(Hom(K, L)), that is for closed morphisms of
degree zero.

— For any arbitrary dg morphism ¢: K --» L, we denote by dy its differential consid-
ered as an element in Z°(Hom(K, L[1])). Hence, d¢: K — L[1].

Let f: K — L be a morphism of complexes of C. Recall that the cone of f is the

complex K[1] ® L endowed with the differential (Cfflﬁﬁ] dOL) We denote by

k: cone (f) --» L
o: K --» cone (f)[—1]

the natural projection and injection respectively. The following lemma is straightforward:
Lemma 2.1.

(i) The composition cone (f) — K[1] — L[1] is Ok.
(ii) The composition K — L — cone (f) is do.

Let us now consider another morphism 7' - cone (f) and assume that the composite
map

T > cone (f) ™ K[1]
is homotopic to zero.

Lemma 2.2. If p: T --» K satisfies Op = mou, then the map 4 defined by 4. = kou— fop
is a morphism of complezes, and the diagram
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+1

commutes in the homotopy category K(C). More precisely, u — joa = 0(c o p).

Proof. Let us write u = (o, ) where @« = mow and § = kowu. Then a = 9dp =
—dgop+podyr and fodyr = foa+dg o . Hence

todp=pBodr— fopodr
=(foa+drofB)—(fodxkop+ foa)
=dpo(B—fop)

:dLOfL.
Now u — jot = («, f o p) = 9(0 o p) since
d(oop)=0(p,0) = (—=dk op,fop)+(podr,0). O

Lemma 2.3. For any morphism f: K — L, we have a canonical isomorphism of com-
plexes

cone {L — cone (f)}[—1] ~ K @ cone id[—1].

Proof. The complex Z = cone{L — cone (f)}[—1] is L & K & L[—1] with differential

given by the matrix
dr, 0 0
dz=( 0 dxg 0 ].
—id —f —dp

The second projection defines an epimorphism from Z to K, which admits a retraction
given by (f, —id, 0). Hence Z ~ K&T where T' = L@ L[—1] endowed with the differential

(d, 0
dT_(—id —dL)' D
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Let us recall the link between cones and total complexes. Let (K ;,d; ,0; ;) be a
bounded double complex of objects in C, as shown in the picture below:

dpwj
Kp,j > Kp,jJrl

\L‘SPJ

Kp+1,j

The corresponding total complex is

Tot(K) = €P K. ;-]

JEZ

the differential being given on each factor K, ; par de ;j + (—1)’de ;. In the sequel, we
will consider a bounded double complex as the bounded complex of its columns, that
is as an element in CP(CP(C)). Given such double complex K;;, let p + 1 be the largest
nonzero column index of K, and denote by K’ the double complex obtained by removing
the last column. We define a morphism

A: Tot(K') — Ko pt1[—p]

as follows: A is zero on all columns of K’ except the last one, and A = —d, ,, on the last
column K, ,[—p].

Lemma 2.4. The morphism A is closed, and Tot(K) = cone A[—1].
Proof. Let us first check that A is closed. The quantity A o droe(x7y — (—1)Pde, py1 0 A

obviously vanishes on all the p—2 first columns. On K, ,—1,[—(p—1)], it is —de, pode, p—1,
which is also zero. Lastly, on the component K, ,[—p], it is

(—det1,p) © (—1)P00 p — (=1)" e, pt1 0 (—da,p),

which is zero. For the last point, the underlying object of cone A[—1] is K’ ® Ko pi1[—p—
1], which is K. The differential on K, , is

_(_(_1)1)5.71] - do7p) = (_l)p(so,p + do,p = dTot(K)'
The other verifications are left to the reader. 0O
2.2. Iterated cones for dg-functors

If C; and Cy are two additive categories, let us recall some elementary facts:
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— The objects of the category Fetag(CP(C1), CP(Cs)) are the additive functors from
CP(Cy) to CP(C2) that commute with shift and cones.

— The natural morphism C; — CP(C;) that maps any object in C; to the complex
having this single object in degree zero yields a restriction functor

Fetag (CP(C1), CP(C2)) — Fet (Cr, CP(Ca))

where on the right hand side we consider all additive functors. This functor is an
equivalence of categories.

— Let us denote by Fctgg(Cb (C1), CP(Cq)) the subcategory of bounded dg-functors, that
is elements of Fetqg(CP(Cy), CP(Ca)) corresponding to lim Fet(Cy, Cl=mnl(Cy)) via the

above equivalence. Then there are extension functors from Fet, (C*(Cy), C*(C2)) to

Fectag (C*(C1),C*(Ca)) for x € {@,+, —}.

For any bounded complex

tn—2 tnfl tn tn+1
. Tnfl T TnJrl ..

of objects of Fetag (CP(C1), CP(Ca)), we define a dg-functor W7 as follows: for any bounded
complex K, there is a complex of bounded complexes

i—2 j—1
53

LI iy gy B i) B pit k) L

which defines a double complex {T7(K;_;), ), T (dr)}. Then we define
Ur(K) = Tot{TV(K;_;), t}, T (dx )}
It is an exercise to check that the functor
W CP(Fetag(CP(C1), CP(C2))) — Fetag(CP(Ch), CP(C2))

is a dg-functor, where on the left hand side Fctqa(CP(C1),CP(C2)) is considered as an
additive category (and not its dg enhancement); we call ¥ the iterated cone of T'.

Let us explain how iterated mapping cones can be constructed by taking succes-
sive ordinary cones. For a bounded complex T of dg-functors, let p = max{i €
Z such that T*T* = 0}, and let 7" be the complex of functors obtained by removing
the last functor TP+!. We define a morphism

Az Upr ——s TP —p]

as follows: Ak is zero on all factors T*(K)[—i] for 0 <i < p—1 and —t5, on T?(K)[—p].
Then it follows directly from Lemma 2.4 that A is a closed morphism and that
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U = cone A[—1],
whence the terminology “iterated cones”.
2.8. Lax monoidal functors

In this section, we recall the notion of lax monoidal functors between tensor categories.
These functors form a weaker class than the usual monoidal functors (also called tensor
functors), as introduced for instance in [18, §4.2].

Let (S1,®) and (S3, ®) be unital tensor categories, with unit elements 1s, and 1s,, and
let H be an additive functor from S; to S;. Besides, assume to be given two morphisms

m: H(x) ® H(k) — H(*x ® *x)
[ 132 — H(lsl)

where in the first line m is a natural transformation between functors from S; x 1 to Ss.
Definition 2.5. The triple (H, m, 1) defines a lax monoidal functor if:

— For any K7, Ko, K3 in &1, the diagram

(H(Ky) ® H(K,)) ® H(K3) — H(K1) ® (H(K>) ® H(K3))

lmK1,K2® iy (Kg) lidmxl)@m@xs
H(K; @ K2) ® H(K3) H(K,)® H(K>; ® K3)
l MK @Ky, K3 lmxl,IQ@Ka

H((K, ® K2) ® K3)

H(K, ® (K ® K3))

commutes.
— For any K in &;, the compositions

idou MK, 15,
H(K)~ H(K)® 1s,—% H(K)® H(1ls,) —% H(K ® 1s,) ~ H(K)

H(K) ~ 15, ® H(K)X2Y H(1s,) © H(K) —25 H(1s, ® K)~ H(K)

are the identity morphisms.

Remark 2.6. If H is a lax monoidal endofunctor of S, then H(1s) is a ring object in S
and for any element K in S, H(K) is a left and right module over this ring object.

Definition 2.7. Let (Hy,my, 1) and (Ha, ma, pi2) be two lax monoidal functors. A mor-
phism ¢: Hy — Hs is multiplicative if the two following diagrams commute
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Hi(K)® Hy(L) —~ H\(K ® L) Hi(1s,)
l l >
PER YL PKRL
Ho(K) ® Ho(L) —=2> Ho(K ® L) 1s, P15,
H2
H2(151>

If Hi: 8§ — Ss and Hy: S; — S5 are two lax monoidal functors, then so is Hy o Hs,
the multiplication being given by the composition

Ho(Hy(K)) ® Ho(Hy (L)) ™2 Hy(Hy (K) @ Hy (L)) 2™ Hy(H (K © L))

and the unit is

H
1s, 5 Hy(1s,) 2" Hy(Hi(1s,)).

The category of lax monoidal endofunctors of a tensor category S is itself a tensor
category, the tensor structure being the composition, and the unit object being the
identity endofunctor.

Let C be an abelian tensor category, let H be a lax monoidal endofunctor of CP(C),
and assume that H fits into an exact sequence

where p is multiplicative.

Proposition 2.8. The functor cone (N — H) is naturally a lax monoidal functor, and
the natural morphism from cone (N — H) to idcw ¢y is multiplicative.

Proof. For any objects K and L of C(C), we have a commutative diagram of elements

in CP(C):

NK)®N(L) - NK)@ HL)®@ HK)®N(L) - HK)®H(L) - K®L =0

| -

N(K ® L)

HEK®L) —= K®L —~ 0
(1)

where the first horizontal arrow is (tx ® idg (1), —idg(x) ® t1). Since the second line is

exact, there is a unique morphism

¢: N(K)® H(L)&® H(K)® N(L) — N(K ® L)
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making (1) commutative. We define the multiplicative structure on ¥ = cone (N — H)
by extracting the leftmost part of (1), namely

N(K)® N(L) — N(K)® H(L) & H(K) ® N(L) — H(K)® H(L)

| : -

0 N(K ® L) H(K ® L)

Taking the total complex of each line yields a morphism from Y (K)®Y (L) to Y(K®QL).
We leave to the reader the tedious verification that this morphism is associative. The
unit of Y is analogously obtained using the diagram

ok

N(1cv(c)) — H(lev(c))
where p is the unit of H. Lastly, (1) yields a commutative diagram

Y(K)®Y(L) —>= K®L

|

Y(K®L) —— KL
which gives the multiplicativity of the morphism from Y to idge(ey. O
3. Construction of dg-endofunctors of CP(C)
3.1. Canonical functors

3.1.1. Main construction
Let C be an additive category, and assume to be given a pair (G, ©) where G is in
EndFetqg(CP(C)) and
@I idcb(c) — G
is a dg morphism. For any nonnegative integer n we define a dg morphism

Sp: G — G

by the formula
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n
i1 n—i
Sn= (-G (O061) . (2)
i=0
Lemma 3.1. For any nonnegative integer n, Spy1 0.5, = 0.

Proof. We have

n+l n

Sup108n =3 3 (1) HHGTI(O6:) 0 G (Oc). (3)

1=0 57=0

If © < j, we can write

G™H7HOgi) 0 (" (Ogy) = GGV (O6i)) 0 G" T (B¢)
== Gn_j(Gj_iJrl(@Gi) (¢] @GI)

For any morphism f: U — V of bounded complexes of C, we have
G(f)oOy =0y o f.
We put f = G7""(O¢i(k)), where K is any bounded complex of objects in C. This gives
G (Ogi) 0 Ogi = Ot 0 GV (Ogi)
so that we get

Gn+1_i(90i) ° Gn_j(@GJ‘) —GgnJ (Ogi+1) 0 Gn—i(@@:)
= G"+1_(j+1)((~)gj+1) o Gn_z(@(;z)

Hence in the double sum (3), every component indexed by a couple (¢,j) with i < j
cancels with the component indexed by (j + 1,7). O

Definition 3.2.

(i) The functor F, is the element in EndFctqy(CP(C)) obtained as the iterated cone
(for the definition, see §2.2)

. So S1 So Sn—2 Sn—1
ldcb(c) G G2 e anl

where the functor idew ¢y sits in degree zero.
(ii) The transformation ©,,: F,, --+ G""1[—n] is defined by the composition

@Gl i —s GM(E)[—n] =5, gt (i) [—n).
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(iii) The transformation p,: F,, --» G(F,,)[—1] is the map

n n+1
(bu)ic: DG (K= > D G () [

that is zero on the first factor K, and the identity morphism on the components
G (K)[—i] for 1 <i < n.

Theorem 3.3. The elements satisfy the following properties:
(l) Fo =id and @0 = 0.

(ii) ©,, is closed and F,, = cone (0,,_1)[—1]. In particular there is an associated natural
transformation 1L, from F, to F,_1 and we have a cone exact sequence

Tn 1,
0 —— G"[—n] = F, e .

(iii) ©p, — G(1,) 0 O, = Opy,.

G —n]
y lc:(m
F, G(F,)

Fn

(iv) If G is bounded, then all F,, are also bounded.

Proof. The first point is obvious, and the second point is a consequence of Lemma 2.4.
Let us prove the third point. For this, we write down explicitly everything in terms of
bicomplexes of complexes.

The morphisms ©,, and 7, are obtained by applying the iterated cone functor ¥
defined in §2.2 to each line of the two commutative diagrams of dg-functors

S S1 Sa Sn—2 Sn—1
ideviey —— G G? e Gnt G
0 0 0 . 0 Gl

and
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0 0 0 e 0 G"
\L S \L Sl \L Sg San \L Sn—l l
ideb(cy —> G G? a1 L g

respectively. Hence G(1,,) 0 ©,,: F,, — G(F},) is induced (via the same procedure) by
the diagram

S() Sl Sg Sn—Q Snfl

idcb(c) G G2 anl G"
o G(So) o2 G(S1) a3 G(S2) o G(Sn-2) an G(Sn-1) G+

From this, we deduce that O, — G(7,) 0 ©,, is induced by the diagram

So S1 Sa Sn—2 Sn_1

idew oy G G? Grt G"
\L@ l@c l@c2 \L(—)Gnl l@gn+sn
o G(So) o2 G(S1) 3 G(S2) o G(Sn-2) an G(Sn-1) G+

Now we express p,, using the diagram of dg-functors’:

So Sp—1

iden ey : el 0
|
0 ~G(So) ~G(S1)  —G(Su-2) o ~G(8n-1) cnt

This diagram is noncommutative, and induces the morphism p,, (which is not closed)
by taking the iterated cones of each line. Now 0p,, is the closed morphism given by the

diagram
s s S
ides ey -G s an! —Gn
S —G(So0)—S1 ~G(Sn—2)—Sn-1 —G(Sn-1)
pt G(So) o G(S1) o G(5n2) an G(Sn-1) G+

By the very definition of the S;’s,

7 The minus signs on the bottom line come from the shift by 1.
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(Si—1) + Si = —O¢: (4)
which finishes the proof. O

3.1.2. Derived invariance
In this section, we study some specific properties of the functors F;,, when G is exact.

Lemma 3.4. Assume that G is an exact functor. Then all functors F,, are also exact.

Proof. If G is exact, then so are all the functors G™. Let us now remark that the cone
of a morphism of exact endofunctors of CP(C) is also exact. Hence the result follows by
induction, since

Foy1[1] ~cone (0,,: F,, — G"™'[-n]). O
Definition 3.5. Let G; and G two endofunctors of C(C), and let
I G1 — G2

be a closed dg morphism. We say that I' is a quasi-isomorphism if for any bounded
complex K of elements of C, the morphism

T'(K): Gy(K) — Go(K)
is a quasi-isomorphism.

Remark 3.6. If I': G; — (5 is a quasi-isomorphism between exact functors, it induces
a true isomorphism between the associated endofunctors of DP(C).

Proposition 3.7. Let G1 and Gy two exzact endofunctors of the category CP(C) endowed
with morphisms ©;: idgv(cy — Gy for i = 1,2, and let I': G1 — Gz be a quasi-
isomorphism such that ¥ o ©1 = ©y. Then for any positive integer n, I' induces quasi-
isomorphisms between F} and F2.

Proof. Since G; and G5 are exact, for any positive integer n, the morphism I' induces a
quasi-isomorphism between G7 and G5. For any positive integer n, we have a morphism
of exact sequences

0 — Gy[-n] F, ! 0
0 —— G3[—n] F,f F,%_l 0

and the result follows by induction. O
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3.2. Comparison

3.2.1. The octahedron triangle
For any object K in CP(C), we have a diagram in D®(C):

cone Op, (k

PN

(--------------""' ( n— 1 ))

Fn+1

%

{======

=
.

OF, (K)

N

Gn+1

Fy,

where all dashed arrows are shifted by one. The octahedron axiom yields a triangle
Foi1(K) — cone O, (10)[~1] — G(Fo1 (K))[-1] 5

This triangle can be lifted at the level of complexes, as we will show in the next result.
Before stating it, we introduce some notation: let Ag be the functor cone ©[—1]. It is
equipped with a natural left inverse 11 Ag — idcw(c) (so it is a faithful functor).

Theorem 3.8. There is a canonical exact sequence
O—>Fn+1 Pni}A@)(F ) - G( n— 1)[ 1] —0

in CP(C) such that:

(i) The map ppi1 lifts Wy qq1: Frp1 — Fy, with respect to g, , that is g, oppy1 = pgq.
(ii) The map Ao(Il,) —pnoip, : Ao(Fn) — Ao(Fn-1) factors through v,.

Proof. The morphism of functors F,, — G(F},) can be represented by the diagram

S Sl Sn—l
id —— @ e Grt Gn
l@ l@c l@cn—l l@c;n
G 2 Gn Gn+1

G(So) | G(s) G(Sn_r)
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Hence cone O(F,)[—1] is the iterated cone associated with the complex dg-functors
dL% a6 L GPag? L2y .. L7, grog g 2ot gt
where
S)
0_
#= (%)
Li:( Si 0 >f0r1§i§n—l.

—Ogi —G(Si-1)

Now remark that by (4), we have an exact sequence

0 G? Gio G Gt 0
lsi lLi lG(Sil)
0 Gz’+1 Gi+1 &) Gi+1 Gi+1 0

where the map G' — G'@G' is and the one from G*@G? to G is ((—1)%, (—1)**1).

1
1
This gives the required exact sequence. Let us now prove the two remaining statements

in the Theorem. Point (i) is obvious. For point (ii), the morphism

A@(Hn) —Pp-10LF,: A@(Fn) — A@(anl)

can we wrote as

0 1 2 n—1 n
id#G@G#GQ@G’QLH_...;G”@GWLH_GWH

\L Ho i M1 l H2 i Hn
0 1 2 prooL™ !

id#G@G#GQEBG? L G™

where
_ ({1 0y (0 1) _(1 -1
Fi=1o0 1 0 1)=\o o
if 0 <i<n-—1and p, = pry. Hence Ag(Il,,_1) —pyotg, is obtained as the composition

Ao (Fy) L2 G(Fp_)[~1] = Ae(Fa_1).

This finishes the proof. O
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Corollary 3.9. The map ppi1: Frny1 — Ao(Fn) is the equalizer of the two morphisms

Ao (11,
Ao(F,) 220 Ao (R, 1)
Ao(F,) 22 F, 2225 Ag(Froy).

3.2.2. Structure theorem

Notations 3.10. Let us fix a pair (G, 0) as before.

(i) The monomorphism j,,: F,, — Ag is

it < Ag o Fyq 200 B8R nn g B0
(ii) The maps (m,,i)1<i<n are the n natural projections from A to Ag‘l induced by
the map A@ — idcb(c).
(iii) The functor A[g] is the equalizer of the n maps m, ;.
(iv) The maps (m,)1<i<n are the n natural projections from Ag] to A[g_l] given for

any n by any m, ;.
Lemma 3.11. For any integer n, the map j, factors through the functor A[g], and
(in)nz0: (Fu)azo — (AG)az0
is a morphism of projective systems.
Proof. We proceed by induction. The morphism j,, 1 can be written as

n A n
Foit 2% Ag(Fy) 220 An (5)

Let us consider the following commutative diagram.

nt1 Ae(in
Fn+1(p—+> Ao (F,) (L A+ (6)

A

Since LAR = Tn+1,1 and ¢g, © ppy1 = Ilp41, the morphism

)n+1 Tn+4+1,1
Fop1 — AT 00 AR

is equal to
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Hn jn
Foy1 —25 F, <% AR

We have ton = Ag(m, 1), so that the compositions of the up horizontal and right down
e )

arrows of the square in diagram (6) is Ag(my,,1 ©jn). By induction, for any integer ¢ with
1<1<n,

A@(Trn,l OJn) - A@(Trn,i O]n) = Tn+41,i+1 © A@(]n),
so that the morphisms

Jnt1 Tnd1,itl
v Ag—‘,—l + An

Fn+1 )

are all equal to
Frpy 20 B, 7 AR
This finishes the proof. O
Theorem 3.12. The sequence of morphisms
(n)nz0: (Fu)nzo — (A8
defines an isomorphism of projective systems of dg-endofunctors of CP(C).
Proof. We argue by induction. As Ag is faithful, the equalizer of the n maps
Tnt1i: AGTH — A 2<i<n+1

is

Ao(in): Ao (F) = AFH

If (D, x) is the equalizer of the (n+1) maps w41, for 1 <4 < n, then x factors through
Ag(F,) as shown below

DX AR

T

A@<Fn)

and (9, X) is the equalizer of the two maps
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{A@(Fn) ey At Il An

Ao(F,) < ARFt TLL An

where in the first morphism, i is any integer such that 2 < i <n+ 1 (the corresponding
morphism doesn’t depend on 7). These morphisms can be written as

Ao (I, Ao (jn-1)
Ao(F,) 200 Ag(F,_y) 220 An

Ao(Fn) 225 Fy <2 Ag(Fo_y) — 2% AR
Since the equalizer remains unchanged after post-composition with a monomorphism,

it is isomorphic to (Fp41,pn+1) thanks to Lemma 3.9. This completes the induction
step. O

3.2.3. Derived equalizers

Let H be an element of EndFctqe(CP(C)) endowed with a closed dg morphism
V: H — idgb(ey. For any positive integer n, we denote by (m,:)1<i<n the n natu-
ral projections from H™ to H"~! induced by U.

Definition 3.13. If (H, ¥) is given, let n be a positive integer.

(i) The nth (standard) equalizer of (H, ¥), denoted by H™, is the equalizer of the n
maps (7n,i)1<i<n- N
(ii) If H denotes the functor cone ¥ and ©: idey ey — H is the associated morphism,

the nth derived equalizer of (H, ¥), denoted by HI[™ is the functor A[@n] (see Defi-
nition 3.10).

Remark 3.14. The word “derived” in the name “derived equalizer” refers to the formalism
of Quillen derived functors between model categories. Although not strictly necessary,
this approach is explained in Appendix B and sheds light on many considerations about
derived equalizers.

Let U denote the element of the center of EndFctq,(C) defined by

U = cone (idcb(c) — idcb(c)) .

and let ¢: U[-1] — idgy(cy be the corresponding natural morphism. Thanks to
Lemma 2.3, there is an isomorphism

Ao~ H & U[-1] (7)

such that the diagram
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Ay

HoU-1]

\ Ud

idew ¢y
commutes. Hence there is a natural morphism of projective systems
(H["])nzo N (H[[n”)nZU
Let us give a few properties:
Proposition 3.15.

— If H is an exact dg-endofunctor of C°*(C) endowed with a morphism from H to ideo (e,
then all functors HIM! are also ezact.

— Assume that S is a tensor category, and let H be a laz monoidal dg-endofunctor of
CP(S) endowed with a multiplicative morphism from H to ideo(sy. Then (H"), 50
and (H[[n”)nzo form a projective system of lax monoidal functors, and the natural
morphisms from H™ to HI™! are multiplicative.

— Let Hy and Hy be two exact dg-endofunctors of the category C°(C) endowed with
morphisms V;: H; — idewey for i = 1,2, and let I': Hi — Ha be a quasi-
isomorphism such that Vo o I' = Wy. Then for any positive integer n, ' induces
quasi-isomorphisms between H{[n]] and HQ[[n”.

Proof. The first and third point follow directly by induction using the exact sequence
provided in Theorem 3.3 (ii). For the second point, the multiplicativity of H [] is straight-
forward. It also implies the multiplicativity of H!"], as we shall see now. First we remark
that for any bounded complexes K and L of elements of S, there is a natural morphism

UK)@U(L)— UK ® L)[1]
given by the morphism

1

K®L KL K®L K®L

(1 1)

K®L K®L

Now we can endow H @ U[—1] with a lax monoidal structure as follows: we define the
multiplicative morphism as a matrix of the type
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H(K)® H(L) H(K)®U(L)[-1] UK)®QH(L)[-1] U(K)®U(L)[-2]

H(K®L) * 0 0 0
U(K ® L)[—1] 0 * * *

whose components are:

the morphism H(K)® H(L) — H(K ® L) provided by the lax monoidal structure
of H,

— the morphism H(K)® U(L) — K @ U(L) = U(K ® L),

— the morphism U(K)® H(L) — U(K)® L = U(K ® L),

— the morphism U(K) ® U(L) — U (K ® L)[1] formerly introduced.

The unit of Ag is defined by the composition
15 — H(]_S) — Aﬁ(ls)

Hence H!™ are also lax monoidal functors, and the compatibility of the multiplicative
structures follows from the fact that the natural morphism from H to Ag is multiplica-
tive. O

Lemma 3.16. Let 0 — N — A 25 B 2 idgoey —> 0 be an ezact sequence in
EndFctag(CP(C)) and let H = cone (A — B) and Z = cone (A — A/N). Finally, let
V: H — idgov(c) be the natural morphism induced by the commutative diagram

B

L

— ldcb( C)

If A is right exact, then the morphism H(V)—W: H> — H factors through a surjective
morphism v: H?> — Z.

Proof. There is an exact sequence 0 — Z — H L idgn(ey — 0. Since Vo (H(¥) —
U ) vanishes, the image of H(¥) — Uy lies in Z. To prove that it is the whole of Z, we
consider the composition

HoB — g2 HW=%n, p (8)

It can be realized by taking the total complexes of the lines of the commutative diagram
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AoB —— B2
A(p) \L \LB(P)—I?B

A—' B

Since A is right exact, A(p) is surjective. This proves that the image of B(p) —pp contains
A/N, so it is equal to A/N. As a consequence Z is contained in the image of (8), hence
in the image of H(¥) —¥y. O

Lemma 3.17. For any positive integer n, the morphisms

70 H[n—l]

Hn — fln—1]
Ho HIN — 2o pgln—1] Zul2=1,

are onto. In particular there is a natural exact sequence

0 — HM — g(HMYy — Z(HI) — 0.

Proof. We argue by induction. There is a natural morphism Z — H given by the

morphism

Besides, the composition

ZoH — H?> Yy 7

is induced by the morphism H — idcw(¢y. Thus the composition

ZoHM Y fogh-1 _y g2 gin-2 D2, 7 prin—2]

is induced by the natural morphism H[" 1 — H"—2 which is onto by induction. Let
us now consider the diagram
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Z(H[n—l])

0 H HHP) —~ z(H2)

S

where both horizontal and vertical sequences are exact. As « is onto, so are § and ~.
This completes the induction step. O

Theorem 3.18. Assume to be given an eract sequence
A— B2 idgoey — 0
in EndFctag(CP(C)), and let H = cone (A — B) and U = cone (idcw(c) LN idency)-

(i) If A is right exact and if ker (A — B) = {0}, for any positive integer n, there is
an ezact sequence

0— H U — gHM) — UoAHN) — 0.

(i) If A and B are exact, for any nonnegative integer n, the functors H™ and H!™
are exact, and the morphism

gl pln]
is an isomorphism of endofunctors of DP(C).

Proof. The first point results directly from Lemma 3.17 and the fact that Z = U o A.
For the second point, the functors H"!! are exact thanks to Proposition 3.15. Besides,

since Z is exact, the exact sequence
0— HP — g(HM) — Z@H1) — 0

provided by Lemma 3.17 and the nine lemma show by induction that the functors H™
are also exact. The functor H is the cone of the complex of functors A — B — idcw c)-
Hence there is a morphism Z — H [—1] given by
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—— A/N

;

<

idcb (C)
which is isomorphisms of endofunctors of DP(C). Let us consider the diagram

0 ——= HrH — H(HM) Z(H"=1)y ———=0

T |

0 ——> Hlnt s Ag(HIM) — s H(HIP-U)[-1] —> 0

where the first line is exact thanks to Lemma 3.17, and the second line is also exact
thanks to Theorem 3.8. It implies directly the required result by induction. O

Lastly, we give a more simple situation where standard and derived equalizers are
quasi-isomorphic:

Remark 3.19. Let L be an element of EndFetqy(CP(C)), and define a pair (H, V) as
follows: H = L @ idc»(C) and ¥ is the second projection. Then for any nonnegative
integer n, the map from H™ to Hl"! is a quasi-isomorphism, and H[™ is isomorphic to
the functor @, _, L”.

4. Square zero extensions
4.1. General properties

4.1.1. Setting

Let A be a commutative algebra over a field k of characteristic zero. If no ring is
specified, tensor product will always be taken over A.

Let I be a free A-module of finite rank, and let B be a k-square-zero extension of A
by I, i.e. we have an exact sequence

0—I—B>5A—0 (9)

of k-algebras, where I2 = 0. We will always assume that B is trivial (as a k-extension),
which means that (9) splits. Hence B is isomorphic to the trivial extension I & A as a
k-vector space, the ring structure being given by

(i,a).(i',a") = (ia’ + ai’,aa’).

Splittings of the sequence (9) form an affine space over the module Der (4, I) of I-values
derivations of A. In the majority of the results that will follow, we fix a splitting o of (9).
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Modules over B admit a simple description, that we give now. Let M and N be two
A-modules, and fix a splitting of (9).

(i) Any extension V in Exth(M, N) yields an A-linear multiplication map

py: @M — N

given by py (i ® m) = év where v is any lift of m in V. This definition is meaningful
since two different lifts lie in N, which is annihilated by I. Besides V defines an
extension class in Exti‘(M ,N) because via the splitting we took, every B-module
becomes an A-module.

(ii) If Z and p are in Ext!, (M, N) and Hom (I ® M, N) respectively, there is an associ-
ated extension Z,, in Exty(M, N) defined as follows: as an A-module Z, = Z, and

the action of I is given by the composition

I®Z »I®M -+ N Z.

Lemma 4.1. The map
Extp(M, N) = Ext! (M, N) ® Hom4(I @ M, N)

where the second component is V. — uy, is a group isomorphism. Its inverse is given
by (Z,n) — Z,,. Besides, it is independent of the chosen splitting of (9).

The proof is straightforward, we leave it to the reader.

Corollary 4.2. A module over B is given by two A-modules M and N, an extension class
in Ext!y (M, N), and a surjective A-linear morphism from I @ M to N.

Proof. Let V be a B-module and put M =V ®p5 A and N = IV. There is an exact
sequence of B-modules

0O—N-—>U—M-—70

which allows to see V as a class in Exth (M, N): hence it defines a class in Exty (M, N)
as well as a morphism py: I ® M — N which is surjective by definition of M and N.

Conversely, given two A-modules M and N, an extension class in Extl(M, N) and
a surjective map pu: I ® M — N, we can consider the associated element Z, in
Ext}g(M ,N). To prove that both constructions are mutually inverse, we must prove
that there is an isomorphism of extensions
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0 12, Z, Z,@p A —>0

lw

0 N Z, M 0

There is always a natural morphism between this extension, since 17, is a A-submodule
of N. The surjectivity of u ensures that 1Z, = N, which yields the desired result. O

Lastly, let us present two useful base change operations for B-modules. Let V be a
B-module, and put M =V ® A and N = IV. Assume to be given an A-module Q)
(resp. R) and a surjective A-linear morphism v : Q — M (resp. v: N — R). Define
the B-module V' (resp. V") as follows: V' is given by the cartesian (resp. cocartesian)

diagram

Vi——s=Q respp N ——=V

L

V —= M R——=V"

Lemma 4.3. There are isomorphisms

ViepA~Q, IV ~ N
resp. V' @ A~ M, IV" ~ R

such that the composition

Q=V'@epA— M
resp. N — IV" ~ R

is equal to u (resp. v). Besides, the multiplication morphisms of V' (resp. V") is given
by the composition

pv i I@(VepA)~1eQ — 1@ M 2 N~ IV’
resp. pyr: 1@ (V' @p A)~IT@M 2+ N — R~ IV"

Proof. Left to the reader. O
4.1.2. The functors Tor%}(x, A)

Lemma 4.4. Let M be an A-module. Then Torg (M, A) is canonically isomorphic to IQ M
as a B-module.
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Proof. The sequence (9) gives the long exact sequence
0— Tork(M,A) — M®I— M- M —0. O
Proposition 4.5. Let V be in Exty (M, N). Then the connection morphism
I ® M ~ Torg(M,A) — Tory(N,A) ~ N
is exactly py, and there is an eract sequence
0 — Torg(V,A) — T M 25 N

Proof. Let S be the kernel of the natural morphism from ¢*V*® to V induced by the
identity of V' via the isomorphism

Hom 4 (V,V) ~ Homp(c*V, V).

We consider the diagram.

0 0 0
0——=IQ®N S I®M —0
0 o*N o*V o*M 0
0 N Vv M 0

0 0 0

For any A-module P and any positive integer i the module Tor’ (c* P, A) vanishes. Hence
the Tor exact sequence

Torg(V, A) — Torjlg(M, A) — Tor%(N, A)
can be identified with the exact sequence

ker(S@pA—V)—I®M — N

8 Here we make a slight abuse of notation, because ¢*V should be 0*¢,V: we consider the B-module V'
as an A-module.
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obtained by the snake lemma. By diagram chase, we get the first point of the proposition.

Now
S ={(i®wv,v") € 0*V such that iv +v" = 0}
so that
IS ={(i ®v,0) € 0"V such that v € IV}
and we get

SepA={(t@m,v) el ®M®V such that uy (i ® m) +v" = 0}.
Hence ker (S @ A — V) is the kernel of py, and embeds in I @ M. O
Corollary 4.6. Let V be a B-module, and let M =V ®p A. Then the map
Torg(V, A) — Torg(M,A) ~ I ® M
is injective, and its image is ker py .

Proof. The B-module V defines a canonical class in Extp (M, IV). Hence the result
follows from Proposition 4.5. O

Proposition 4.7. Let V' be a B-module, and let M =V ®@p A. Then for every positive
integer p, there is a functorial isomorphism

Tor, (V, A) ~ I®?P~1 @ Tork(V, A).

Proof. We prove the result by induction on p. Let us consider the module .S introduced
in the proof of Proposition 4.5. We have an exact sequence

0—S—d'V—V-—0 (10)

so that Tor%™ (V, A) is isomorphic to Tor’ (S, A). Recall from the proof of Proposition 4.5
that there is an isomorphism between I ® M and S ® g A given by

iQ@m (iQm,—uy (i ®@m)).
The multiplication map
ps: I®(S®pA) — IS

is given via this isomorphism by
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i’ @ (i ®@m) — (=i’ @ py (i @m),0).
Hence
Torp (S, A) ~ ker pg ~ I @ kerpy ~ I ® Torp(V, A)
and

Tor’™ (V, A) =~ Tor% (S, A) ~ I°?P~Y @ Tork(S, A)
~ I®? @ Torg(V, A). O

4.1.8. Principal parts
As I? = 0, the B-module Q% fits into a natural (split) exact sequence

0—I1—Qz0pA Q) —0
which is the conormal sequence associated with the map B — A. We put E = QL ®p A,
FE is canonically isomorphic to I & QY after a choice of a splitting o of (9).

Recall that for any module V over a commutative k-algebra R, the module of principal
parts PL(V) is the R-module defined (as a k-vector space) by
PR(V)=(QrerV)®V

where R acts by

rw®v,v) = (rw@uv+dr@v, r').
Hence there is an exact sequence

0—0r®RV — PL(V) —V —0
of R-modules that splits over k (but not always over R). The main result we prove is:
Theorem 4.8. Let V' be a B-module and let M =V ®p A. Then the map
Tork (PL(V), A) — Tork(V, A)
vanishes. More precisely, the connection morphism
ker puy =~ Torg(V, A) — Tory (L @ V,A) ~ E@ M

is obtained by the chain of inclusions

kerpy = 1@ M — E® M.
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Proof. It enough to prove the second statement of the theorem. We have a commutative
diagram

Torg(V, A) — Torg (0L @5V, A)

| !

Torg (M, A) — Tor%(QL @5 M, A)
Hence, by Corollary 4.6, it suffices to prove that the connecting homomorphism
Tork (M, A) — Tor%(QL @5 M, A)
associated with the short exact sequence
0—Qp®3 M — PR(M) — M — 0

is naturally identified with the inclusion I ® M — E ® M. Via the trivialisation given
by o, the B-module PL (M) is isomorphic (as a k-vector space) to

IoM@Qy®Mae M,
and B acts by the formula
(i,a).(i' @m,w@m’,m") = (e’ @m+i@m", aw@m’ +da@m”, am”).
Hence there are two natural exact sequences

0—Q4eM—PLM)— oM —0
0—I®M —s PL(M) — PY(M) — 0

This gives a commutative diagram

|

OHE@M%P%(M

|

0——=IOM —> oM M 0

0— QYoM —-PL(M) —= M ——=0
)

This yields a commutative diagram of connecting morphisms
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T

|

Torg (M, A) — Tor's(I @ M, A)

and since the top connecting morphism is zero we get

Tory (Y ® M, A)

]

Torg (M, A) — Tor%(E © M, A)

|

IQM ——I® M
This finishes the proof. O
As a corollary of this result, there is a natural exact sequence
0 — Torg(V,A) — E@ M — PL(V)@p A — M — 0.
Definition 4.9. The residual Atiyah morphism of a B-module V is the morphism
xv:VepA— IV[1]
in DP(B) attached to the exact sequence of B-modules
00— IV —V —V®gA—D0.
Let us now fix an A-module M. The principal parts exact sequence
0—FE®M —P(M) — M —0
defines a morphism
atp(M): M — E ® M[1]

in DP(B), which is the Atiyah class of M over B.
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Proposition 4.10. For any A-module M and any splitting o of (16), the morphism
atg(M): M — E®@ M[1] ~ I ® M[1]® QY4 @ M[1]
is the couple {Xo=pr,ata(M)}.

Proof. This follows directly from the diagram

appearing in the proof of Theorem 4.8. 0O
4.2. Local obstruction theory

4.2.1. Admissible complexes

In this section, we use the homological grading convention for complexes in order to
avoid negative indices. All complexes will be concentrated in nonnegative homological
degrees. For any complex of B-modules K,, we denote by K, the complex K, @p A.

Definition 4.11. Let n be in N U {c0}.

— A complex K, of B-modules is n-admissible if for any i such that 0 <i <mn —1, the
A-module H;(Tork(K,, A)) vanishes.

— For n = 400, we simply say that K, is admissible (instead of “oo-admissible”).

— We say that a B-module K is admissible if it admissible as a complex concentrated
in degree 0, that is if Torg (K, A) vanishes.

Let us denote by Tor’, (x, A) the hypertor functors defined by the usual formula

L
Tor?, (K., A) = Hy(K. @ A).

Proposition 4.12. Let K, be a complex of B-modules and n be in N U {+oo}. Then the
complexr Ko is n-admissible if and only if the natural map

Tor’y(K,, A) — H;(K, ®p A)

is an isomorphism for 0 <1 < n and surjective for i =n + 1.
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Proof. By [30, Application 5.7.8], there is a filtration
FoTork(K,, A) C FiTorl(K,, A) C --- C F;Tory(K,, A)

and a spectral sequence of homological type such that

{Eg,q = H,(Tor% (K., A))
Eos, = Cr,Tork (K, A)

The map from Tor'y(K,, A) to H;(K, ®p A) is the composition
Tork (K,, A) — Gr;Tory(K,, A) ~ Ejo — Eio.

If the complex K, is n-admissible, then EZJ vanish for 0 < p < n — 1. Thanks to
Proposition 4.7, E2 | vanishes as well for 0 < p <n—1and ¢ > 1. Hence F,;Tork (K., A)
vanishes for 0 < j < <n. For any r > 2 and 0 <p <n + 1, the maps dj, : E}  —
E; ., vanishes, and no differential d” abuts to EJ ,, so that EZ ; ~ E>,. This proves
that the map

Tor’ (K,, A) — H;(K, ®p A)

is an isomorphism for 0 < i < n, and surjective for i = n + 1. Conversely, assume that
all the maps

Tor’y (K,, A) — H;(K, ®p A)

are isomorphisms if 0 < ¢ < n, and are surjective for 4 = n + 1. Then FjToer(K., A)
vanishes for 0 < j < i < n, and d%,o vanishes for 0 < ¢ <n+ 1.

The first point implies that E7°, vanishes as soon as ¢ > 1 and p + ¢ < n. Let us now
prove by induction on k that E;J vanishes if » > 2 and k < n — 1. The module EZT is
the middle cohomology of the complex

r i gr 2 r di r
k+r,2—r k,1 k—r,r

Thanks to Proposition 4.7, E%_W. is isomorphic to I®" ® E%_nl, so it vanishes by induc-
tion. Hence EZL_T)T

Ert,a_, Is always zero if r > 3, and if » = 2 the differential di+2’0 vanishes. Hence

T

%—_r vanishes. Besides,
,

vanishes for any m > 2 and so in particular E
EZT ~ E} ;, and since EZ% vanishes, all terms Ej ; vanish as well. O
Given any bounded complex of B-modules and any nonnegative integer n, there is

a canonical procedure that allows to produce n-admissible complexes isomorphic to the
initial one in DP(B).
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Definition 4.13. The functor p is the element of EndFetqy(CP(B)) defined by the formula
1(Ke) = cone (Qp ®p Ko — PL(K,)).

The natural morphism from p to idgw(p) is a quasi-isomorphism. We write fi for the
functor cone(y — idcw(py)-

Proposition 4.14. Let K, be a bounded complex of B-modules. Then there are natural
isomorphisms

{Torg(u(K.), A) ~ I ® Tork(K,, A)[1]
Torg (i(K,), A) =~ I @ Torg(K,, A)[2] ® Torg (K., A)

in DP(B).
Proof. We start by noticing that
Torg (u(K,), A) = cone {Torg (05 @5 Ko, A) — Torg(P5(K,), A)}.
By Theorem 4.8, there is an exact sequence
0 — Tory(K,, A) — Torg (2L ®0, K., A) — Torg(P5(K,), A) — 0
and thanks to Proposition 4.7,
Tor (K., A) ~ I ® Tork(K,, A).
This gives the first isomorphism. The second one is proven using the same method. O
Corollary 4.15. If K, is n-admissible, then u(K,) is (n + 1)-admissible.
Proof. If i < n + 1, we have
H; (Torg (u(K,), A)) ~ H;_1(I @ Torg(K,, A)) = {0}. O
Theorem 4.16. Let n be a nonnegative integer and Ko be an n-admissible complex.
Then for any positive integer p, the natural morphism from pl! (K.) to Ko is a quasi-
isomorphism, and pP)(K,) is n + p-admissible.
Proof. Thanks to Theorem 3.18 (i), there is an exact sequence

0 — plPH(KL) — p(ul? (Ko)) — U(Qh @5 P~ (KL)) — 0.
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where U(M,) = cone(M, — M,) for any M, in C"(B). Hence, thanks to Proposi-
tion 4.14,

Torh (17 1(K.), A) = I © Tor (4P (K.), A)[1].
This gives the result. O

4.2.2. The category D™ (B)

Given a bounded complex K, of B-modules, it is interesting to know if K, can be
reconstructed from the two complexes Ko = K, ®p A and Torg(K,, A). At the level
of complexes, the answer is given by Lemma 4.1: K, is entirely determined by K,, the
submodule Tork (K,, A) of I ® K,, and the extension class of the exact sequence

0 —T®K,/Torg(Ke, A) — K¢ — K¢ — 0 (12)

in DP(A). We can address the same problem in the derived setting: assume to be given
a quadruplet (M,, N,, 1, 6) where:

~ M,, N, are in D(A),
— pis in Hompp 4y (I ® M,, N,),
— 6 is in Hompp(a)(Me, Ne[1]).

We look for elements K, in C~(B) such that K, and IK, are isomorphic in D(A) to
M, and N, respectively, and via this isomorphisms p is the multiplication class pg,,
and 0 is the extension class of (12). Besides, we want to define a refined notion of weak
equivalence in C~(B) in order that such a complex K, be unique up to weak equivalence.
More precisely, a morphism ¢: K, — Lo will be a weak equivalence if and only if both
¢ and @ are quasi-isomorphisms in C~(B) and C~(A) respectively.

Definition 4.17. Let 91 be the null system in K~ (B) defined as follows:
M = {K, in K~ (B) such that K, and Tory(K,, A) are exact}.

The admissible derived category D™ (B) is the triangulated category defined as the
localization of K~ (B) with respect to the null system 91.

Elements of Ot are exact complexes, but the converse is not true. In fact, elements of
M are those for which the E? page of the hypertor spectral sequence vanishes. Hence a
morphism ¢: K, — L, is an isomorphism in D*™(B) if and only if % and Torg(y, A)
are quasi-isomorphisms.

Remark 4.18. Thanks to (12), the null system can also be described as

N = {K, in K~ (B) such that K, and K, are exact}.
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Therefore a morphism of complexes ¢: Ko — L, is an isomorphism in the category
D24m(B) if and only if ¢ and @ are quasi-isomorphisms.

Let us give a few properties related to the categories D™ (B).

Proposition 4.19. Let ¢: K¢ — Lo be a quasi-isomorphism between two elements of

C-(B).

(i) Assume that the complexes Ko and Le are both n-admissible and of length at most
n for some n in N U {+oc}. Then ¢ is an isomorphism in D™ (B).

(ii) Assume that ¢ induces an isomorphism in D*™(B). Then K, is admissible if and
only if Le is admissible.

Proof. Let us consider the following diagram:

. Tor', (p,A) .
Torly (K, A) — 2> Torly(L,, A)

e

H; (%)
H;(K.®p A) Hi(Le ®p A)

Since ¢ is a quasi-isomorphism, the map Tor%(cp, A) is an isomorphism.

For (i), thanks to Proposition 4.12, both vertical arrows are isomorphisms for 0 < ¢ <
n. It follows that H; (%) is an isomorphism, and since K, and Lo are of length at most
n, P is an isomorphism. Hence ¢ induces an isomorphism in D™ (B).

For (ii), if ¢ induces an isomorphism in D*™(B), then, given any integer 4, the map
H;(®) is an isomorphism. It follows that the right vertical map is an isomorphism if and
only if the left vertical map is an isomorphism. Using again Proposition 4.12, we get the
result. O

Remark 4.20. It follows from Proposition 4.19 (ii) that if K, and L, are isomorphic in
D*4m(B), then K, is admissible if and only if L, is admissible.

Let us now consider the upper truncation functors 7=~": C*(B) — CP(B), i.e., the
functors defined by 72 ""K, = (N — K,, — K,,_1 — ...) where N is the kernel of
the map K,, — K,_1 and is put in homological degree n + 1. It is well known that
727" induce an endofunctor of D~ (B). At the level of the category D*™(B), we have
the following result:

Proposition 4.21. Let K, be an admissible complex, and assume that there exists an
integer n such that HP(F.) vanishes for p > n. Then T2 K, is admissible and the
morphism Ko — 72" K, is an isomorphism in D*™(B).
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Proof. Let N = ker {K,, — K,,_1}. Then 727"K, is the complex
N—K, — K, 11— — Kp.

We consider again the hypertor spectral sequence associated to this complex. Since K,
is admissible, Eg,q vanishes for all integers p and ¢ such that 0 < p <n—1and ¢ > 1.
Hence

E2 | ~ EX ~ Gr,Tor}M (127" K,, A).

n,1 — “n,1 —
As K, is admissible, we have isomorphisms
Tor'y™ (127" K., A) ~ Tor;" (K, A) ~ H, 1 (K,) = {0}.

Hence E%,l vanishes, so that 72~ " K, is admissible. Then the result follows from Propo-
sition 4.19. O

Corollary 4.22. A complex K, is isomorphic in D™ (B) to a bounded admissible complex

L,¢
if and only if the derived pullback K @ g A is cohomologically bounded.’

Proposition 4.23. Given (M,, No, 1,0), there exists Ko in C~(B) corresponding to these
data whose isomorphism class in D*™(B) is unique. Besides, the map

(Mo, No, p1,8) — K,
is functorial, and K, is admissible if and only if u is an isomorphism in D~ (B).

Proof. Let P, and @), be projective resolution of K, and N, respectively. We can rep-
resent p and 0 by true morphisms p: I ® Po — Qo and d: P, — Q.[1]. By adding
if necessary a null homotopic complex to P,, we can even assume that p becomes is
surjective. Let K, denote the cone of §: P, — Q. [1] shifted by —1. Repeating the con-
struction of Lemma (4.1), K, is naturally a complex of B-modules satisfying all required
properties.

Let us now discuss uniqueness. Assume that a complex Lo corresponds to (M,, N,
i, 9). We have two morphisms Py, — Lo and Qe — IL,. By adding to K, a null-
homotopic complex if necessary, we can assume that these two morphisms are surjective.
Then Lemma 4.3 implies that Lo is isomorphic to K, in Dadm (B). O

To avoid dealing with unbounded projective complexes, it is possible to use perfect
complexes instead of admissible ones. Perfect complexes of B-modules admit a very

© The superscript “¢” means that the tensor product is derived with respect to the left variable and not
as a bifunctor, see [13, §3] for more details on this issue.
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simple characterization, which we give now. We leave the adaptations from the admissible
to the perfect setting to the reader.

Proposition 4.24. Let K, be a bounded complex of B-modules. Then K, is perfect if and
L,¢
only if the derived pullback Ko ® g A is perfect.

L,¢
Proof. If K, ® A is perfect, then Corollary 4.22 shows that K, it quasi-isomorphic to
a bounded admissible complex, so that we can assume that K, is indeed bounded and
admissible. Let us consider the exact sequence

02 IQKe —Kg— K¢ —0

as an exact sequence of A-modules, the A-module structure on K, being given after the
choice of a retraction o of the Atiyah sequence (9). It gives a morphism

a: Ke — 1 ® K,[1]

Thanks to Proposition 4.23, the complex K, can be reconstructed from the quadruplet
(Ko,I ® K,,id, ). Since K, is a perfect complex, it admits a bounded projective reso-
lution. Hence the proof of Proposition 4.23 shows that the complex K4 is isomorphic to
a bounded complex of projective B-modules in D*4™(B). 0O

4.2.8. The local HKR class
Let K4 be a bounded complex of B-modules. We have an exact sequence of A-modules
(the A-module-structure on K, being given by o):

0 — Torh(Ke, A) — T @Ky 23 K, — Ky — 0. (13)

Definition 4.25. For any complex K, of B-modules, the local HKR class of K, is the
morphism

Ok, : Ko — Torg(K,, A)[2]
in DP(A) associated with (13).

Remark 4.26. The morphism 0k, is well defined on the admissible derived category
D*4m(B); but not on D~ (B). In fact we can see  as a natural transformation

Tor%(*,A)

— T,
D) o D(A)
_ Y =
Torg (*, A) [2]
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Theorem 4.27. Let Ko be a bounded complex of B-modules. Then the following properties
are equivalent:

(i) The local HKR class 0k, vanishes.

L,¢
(ii) The map K¢ ® pA — Ko, ®p A admits a right inverse in D~ (A).
(iii) There exists a bounded admissible complex Vo of B-modules and a morphism in
DP(B) from V, to Ko such that the induced map

L,¢ L,¢
Ve ® pA— K, ® pA — K, ®p A
in D™ (A) is an isomorphism.
(iv) There exists a bounded admissible complex Vo of B-modules and a morphism in
D™ (B) from V, to K, such that the induced map Vo — Ko in DP(A) is an
isomorphism.

(v) There exists a bounded admissible complex Vo of B-modules and a sub-complex Ty
of IV, such that K, is isomorphic to V, /Ty in D*4™(B).

Under any of these conditions,

L, 1 L,¢
Ke® pA~K,®p A & Torg(K., A) @ pAll]

~ K, ®p A & @I @ Torg(K,, A)[p + 1.

p=>0

Proof. (i) — (iv) Let us consider the two exact sequences

0—IKy, — K, — K¢ —0
0 — Torg(Ke, A) — [ @ Ky 255 IK, — 0

They yield two morphisms
a: Ky — IK,[1] and f: K, — Torg(K,, A)[1]

and g o « is exactly the local HKR class 0, . By considering the exact sequence

Home(A) (F., I® ?. [1])

HOIIlDb(A) (K., IK, [1])

Jsec

Hompp (4 (K., Torjlg (K., A)[2])

we see that the map a can be lifted to a morphism
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a: Ke — 1@ K,[1]. (14)
Using the notation of Proposition 4.23, there is a morphism of quadruplets
(F.,I@?.,id, a) — (F.,IK.,/;K.,a).

Thanks to Proposition 4.23, we get an admissible complex V, and a morphism from V, to
K, in D24 (B) such that the induced map from V, to K, is an isomorphism in DP(A).
Thanks to Proposition 4.21, we can replace V4 by a truncation of sufficiently high order,
so that it becomes admissible and bounded.

(iv) — (v) Thanks to Remark 4.20, we can assume up to changing the isomorphism
class of V, in D24 (B) that Vo, — K, is a true morphism of complexes. Besides, by
adding the null-homotopic complex cone (idg, )[—1] which is admissible, we can assume
that the morphism V, — K, is degreewise surjective, and therefore, so are the mor-
phisms Ve —> Ko and IV, — IK,. Let T, be the kernel of the map IV, — IK,. We
have a diagram

0 ——= IV, /T, Ve/T,s Ve 0
0 IK, K. K. 0

where first vertical arrow is an isomorphism, and the two remaining ones are com-
ponentwise surjective. Hence the kernels of these two arrows are isomorphic, so we
get that the middle one is a quasi-isomorphism. Since V, ~ V,/T,, the induced
map

Vo/Toe — K,

is also a quasi-isomorphism. Hence K, is isomorphic to the complex Vs /T, in the admis-
sible derived category D*d™(B) (see Remark 4.18).

(v) — (iv) — (iii) — (ii) Obvious.

(ii) — (i) There is a natural B-linear morphism from o¢*K, (where K, is con-
sidered as a A-module) to K,. Let S, denote its kernel, and let Lo be the resolu-
tion of K, given by L, = cone(Se — 0*K,). As for any resolution, the corre-
sponding map L, 3 A — K, ®p A admits a right inverse given by the composi-
tion

L,¢ L,¢
KeRpA—Ke®ppA~Le ® pA— LRp A.
From this we see that the complex cone (Se ® 5 A — K, ), where K, is again consid-

ered as an A-module, is isomorphic to K @ Torg(K,, A)[1] in D~(A). Now the natural
morphism
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I K, —— K,

|

S.®BAHK—.

is a quasi-isomorphism (see the proof of Proposition 4.5) after taking the cones of each
line. Hence 0k, vanishes.

Let us now prove the last statement of the theorem. We can replace K, by a complex
of the form P, /T, where P, is a bounded complex of projective B-modules, and T, is a
sub-complex of the complex IP,. Then Tork(K,, A) is isomorphic to T,. Now we have
a distinguished triangle

L,¢ L,¢ L,¢ +1
Te ® pA— Py ® pA — K, ® pA —

L,¢
The second map is a splitting of the map Ko ® pA — K, ®p A, so that Qx, is

L,¢
isomorphic to Te ® pA[1]. This gives the result. O

4.2.4. Intrinsic construction of the local HKR class

Definition 4.25 has an important drawback: it strongly depends on the map o: A —
B, that is on a splitting of B. We can provide an alternative definition of the local HKR
class to fix this.

For any complex K, of B-modules, there is an exact sequence

0 — Torg(Ke, A) — E@ Ko — PL(K,) @5 A — K, — 0. (15)
given by (11). Then we have:

Proposition 4.28. For any bounded complexr K, of B-modules, the morphism from K, to
Torg (K., A)[2] given by (15) is the local HKR class O, .

Proof. We have a commutative diagram of complexes A-modules (see the proof of The-
orem 4.8):
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0*>T0rB (Ko, A) ——= E® K, — j*PL(K,) — > K¢e——>0

0—— TorB(K.,A) — = IT® K, 0. Kq K. 0

0 0

where all lines and columns are exact. This proves the result. O
Lastly, we provide a result that will turn out to be crucial in the geometric case.
Theorem 4.29. Let K, be a complex of B-modules, and consider the map
A: Ky — E®K,/Torg (K., A)[1]

in D™ (B) obtained by taking the difference of the extension morphism attached to the
exact sequence

0 — E®K,/Torg(K,, A) — PL(K,) 9 A — K, — 0
and the Atiyah morphism ats(K,.). Then A is equal to the composition
Ko X525 [K,[1] ~ 1 ® Ko /Torg(Ke, A)[1] < E ® K, /Torg (K., A)[1]
where x denotes the residual Atiyah morphism (see Definition 4.9).
Proof. The A-module PL(K,) ®p A is, as a k-vector space the quotient

E®K,/Torg(K,, A) @ K,
{(i®k,ik),i €I,k e K.}

The A-module structure is given by a(e ® k, k') = (ae @ k + db ® ¥, bk’) where b is any
element in B such that b = a. Now the Baer difference of the two exact sequences

0 — E® K,/Torg(K,,A) — PL(K,) @ A — K¢ — 0
0 — E® K,./Torg (K., A) — PL(K,)/Torg(Ke, A) — Ko — 0
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is the extension whose middle term is the complex of B-modules

 E®K./Torg(Ke, A) & E® K,/Torg(K., A) ® K,
{9k, 0,ik) + (e@k,e®@K,0),i € Ik K € K.}

We claim that the morphism from K, to M, given by k¥ — (0,0, k) is B-linear. Indeed,
we have

b.(0,0,k) = (db® k,db ® k,bk) = (0,0, bk).

This gives a morphism of exact sequences

0 IK, K. K. 0
0 ——= E® K,/Torg(K,, A) M, K. 0

from which the result follows. O
5. Deformation theory
5.1. Infinitesimal thickenings

Let k be a field of characteristic zero and let (X, Ox) be a k-ringed space that is either
a smooth k-scheme or a smooth complex manifold (in this case k = C). We introduce
the following standard notation:

~ CP(X) (resp. C~(X)) is the category of bounded (resp. bounded from above) com-
plexes of sheaves of O x-modules.

— KP(X) and K~ (X) are the homotopy categories of C*(X) and C~(X) respectively.

~ DP(X) and D~ (X)) are the derived categories of C®(X) and C~(X) respectively.

Let kx be the sheaf of locally constant k-valued functions on X, and let Z be a locally
free sheaf of finite rank on X.

Definition 5.1. An infinitesimal thickening of X by Z is a sheaf of kx-algebras Og on X
fitting into an exact sequence of sheaves of k x-algebras

0—Z—0s—0x —0 (16)

where T satisfies 72 = 0, that is locally split in the category of sheaves of k x-algebras.
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The local splitting condition means that Og is locally isomorphic to the trivial kx-
extension of Ox by Z, which is the sheaf 7 @& Ox endowed with the ring structure

(@ ). ) = @f + i f 1 F).

In geometrical terms, if we consider S = (X, Og) as a ringed space, then there is a
natural closed immersion j: X — S that admits locally a right inverse. If we work in
the algebraic category, the map X — S is locally of the form Spec A — Spec B where
B is the trivial k-extension of A by the free A-module I'(Spec A, 7).

Let us introduce again some notation: for any sheaf of Og-modules F on X, we put

S F=F |
— Torg(F,Ox) = Torp, (F,Ox).

If (X,Z) is given, the isomorphism classes of infinitesimal thickenings of X by Z are
classified by the cohomology group H! (X, Der(Ox,I)), and

H' (X, Der(Ox,I)) ~ H' (X, Hom(Qk,T)) ~ Exty, (%, T).

We can see this latter space as the space of morphisms in DP(X) from Q% to Z[1]. Hence
every such ringed space S is given (up to isomorphism) by a morphism

n: Q% — Z[1] (17)

in the derived category DP(X) of coherent sheaves on X.' In the sequel, we will therefore
consider an infinitesimal thickening of X as a triplet (X,Z,n) where 7 is a morphism in
DP(X) from Q% to Z[1]. Let & = j*QL. We can write down the conormal exact sequence
of j, which is

0—7T—&— Q% —0, (18)
and its extension class is precisely 1. This shows how to extract 7 intrinsically from the
pair (X, .5).

A particular case of this construction is the following one: fix a closed embedding

i: X — Y of complex manifolds, and define S as the first formal neighbourhood of X
in Y. Then 7 is the extension class of the conormal exact sequence

0 — Ny/y — Qyx — Qx — 0.

Many notions that have been introduced in §4 for the local case admit a straightforward
adaptation in the geometric setting, and some need to be refined. Let us be more specific:

10 The extension class corresponding to 7 is called the Kodaira-Spencer class in [15].
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— All the results in §4.1 remain unchanged, the most important ones being Proposi-
tion 4.5 and Theorem 4.8.

— The theory of admissible complexes developed in §4.2.1 remains unchanged. Concern-
ing §4.2.2, the derived category D™ (S) is well-defined. However, Proposition 4.23
only holds when the thickening S is trivial (that is when j admits a global retraction).
Lastly, the characterization of perfect complexes (Proposition 4.24) is still valid since
it is a local property on X.

— The material of §4.2.3 can not be directly adapted unless S is globally trivial. We
will explain in the remaining part of the section how to define an analogue of the
local HKR class is the geometric setting, in order that Theorem 4.27 be valid.

— In §4.2.4, Theorem 4.29 remains valid.

For any complex K4 of Og-modules, we have an exact sequence
0 — Torg(Ke,Ox) — £ @Ko — j*PL(Ke) — Ko — 0 (19)
that corresponds to the sheaf version of (15).

Definition 5.2. For any complex Ko in C~(59), the geometric HKR class of Iy is the
morphism

Ok, : Ko — Torg (K., Ox)[2]
given by (19).
The analogue of Proposition (4.28) holds under the assumption that S is locally trivial:
Proposition 5.3. If S is globally trivial (that is if the embedding j admits a retraction

0: S — X) the global HKR class O, is the extension class associated with the exact
complex of Ox-modules

0 — Torg(Ke,Ox) — I RKe — 0.Ke — Ko — 0
corresponding to the multiplication map.
Proof. The proof is identical to the one of Proposition 4.28. 0O
Proposition 5.4. For anycomplezx Ko in C~(X), the morphism Oy, is the composition

atx (Ke)

Ko QL @ Ko[1] 2275 T K, [2]

where atx (Ko) denotes the Atiyah class of K.
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Proof. The morphisms atx(K.) and id ® n correspond to the extension classes of the
short exact sequences

0— Q% ® Ko — PL(Ks) — Ko — 0
0—Z@Ke—E®Ke — QL @ Ko — 0.

Their Yoneda product is the exact sequence
0—7Z®Ke —E® Ko — PY(Ks) — Ko — 0
and the corresponding morphism from K, to Z&K, [2] in the derived category is Ox,. O

Corollary 5.5. For any element KCo and Lo in C~(X), the morphism

L L L
0 e ®0y Lo — L R0y Ke ®0y Lo [2}
K:o ®OX Lo

L L
is equal to Ok, R, idg, +idk, ®oy Or, -

Proof. This follows from the analogous formula for the Atiyah morphism, which is well-
known (see [24, Lemma 2]). O

5.2. The global extension theorem

In this section, we state and prove the geometric version of Theorem 4.27.

Theorem 5.6. For any bounded complex Ko of Og-modules, the following properties are
equivalent:

(i) The HKR class ©x, vanishes.
(ii) The morphism Lj*Ke — j*Ko admits a right inverse in D~ (X).
(iii) There exists a bounded admissible complex Lo and a morphism in DP(S) from L,
to KCo such that the composition

Lj*Le — Lj*Ke — 5*Ke

is an isomorphism in D™ (X).
(iv) There exists a bounded admissible complex Lo and a morphism in D™ (S) from L,
to Ko such that the induced morphism from Lo to Ko is an isomorphism in Db (X).
(v) There exists a bounded admissible complex Lo and a sub-complex T of TLe such
that K is isomorphic to Le/Te in D*™(S).
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If any of these properties hold, there is an isomorphism
Lj*Ke ~ j*Ko @ Lj* Torg (K., Ox)[1].
Proof. The implications (v) — (iv) — (iii) — (ii) are straightforward.
(i) — (i) The proof follows closely the corresponding implication in Theorem 4.27

except that we have to work with the geometric local HKR class. Let Qx, be the cone
of the morphism Lj*/Cq — j7/Cq shifted by —1, so that there is an exact triangle

Lj*Ke — j*Ke — Qi [1] T (20)
Let K, be the cone of the natural morphism from QL ® K, to PL(Ke). We fix a projective

resolution Py — Ko of K. Since Ko and K, are isomorphic in the derived category,
there exists a morphism from P, to Ko such that the diagram

Pe — K.

J

}C.H’C.

commutes. Let M, (resp. N, ) be the cone of the morphism Py, — Ko (resp. Ko — Ka).
Then we have a morphism of distinguished triangles

P, e M, 2
K K N, 2

in the homotopy category KP(X). Notice that the first triangle is isomorphic to (20) in
DP(X). Now j*A, is the iterated cone of the morphisms of complexes

A ® 7" Ko — j*PE(Ke) — j*Ke

s0 it is isomorphic to Torg (K, Ox)[2] in DP(X), and via this isomorphism the morphism
7*Ke — 7*N, is nothing but O, . Hence we get a commutative diagram of morphisms

J e Q/C. [1]

O

Tor}.;(lC., Ox)[2]
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in the derived category DP(X). If the natural morphism from Lj*KC,s to j*Ke admits a
right inverse, the connection morphism from j*/Cq to Qi, [1] associated to (20) vanishes,
and so does O, .

(i) — (iii). This is the crucial step. We consider the two exact sequences

0 — £®Ko/Torg(Ke, Ox) — j*P5(Ke) — Ko — 0
0 — Torg(K,.,Ox) — EQKe — £ @K,/ Torg (K, Ox) — 0

They yield two morphisms

v: Ko — £ ® Ko/ Torg (K, Ox)[1]
§: £ @Ko/ Torg(Ke, Ox) — Torg(Ke, Ox)[1]

and d o v = Ok, . The exact sequence

Hompp (x)(Ke, € ® Ke[1]) — Hompp(x)(Ke, € ® Ko /Torg (Ko, Ox)[1])

|

Hompp () (K, Torg(K., Ox)[2])
shows that the map ~ can be lifted to a morphism
F: Ko — €@ Ka[1].
Let A: Ky — & ® K,[1] be the morphism 7 — atg(K,e) in DP(S). Then the composition
K — £R@K.[1] — £ @ Ko /Torg(Ke, Ox)[1]

is the geometric counterpart of the morphism A introduced in Theorem 4.29. Let us
consider the following two distinguished triangles in D (S):

+1

Ke Ko TKW[1]

|
|
v |
|
\
Torfg(IC., Ox)[1]

£ K.l -

£ ®Ko/Tor (K., Ox)[1]

In the middle square, the bottom triangle commutes, and the top triangle also com-
mutes thanks to Theorem 4.29 which remains valid in this context. Hence there exists a
morphism ¥: g —> Tor};(lC., Ox)[1] making the above diagram a morphism of distin-
guished triangles.
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Define £L* as the cone of the morphism Cq[—1] e, Torg(Ke, Ox). We claim that

the composition
Lji*Le — Lj*Ke — j*Ke
is an isomorphism in D7 (X). This statement being local, let us assume that we are in

the globally split case, so that j: X — S admits a global retraction o. Hence &£ splits
as Z @ QY. Then we have a morphism of distinguished triangles

Tork(K., Ox)[1] £ @ K1) £ ® Ko/ Tork(Ke, Ox)[1] —
1 = +1
Torg (K., Ox)[1] T ®K.[1] TK,[1]
Putting the two together, this gives
Lo————— - - M,
K. K. IKJ1] -
|
|
v
Y o
Torg(Ke, Ox)[1] —= Z @ Ko[l] —= ZK4[1] —=
J +1 +1

Thanks to the geometric version of Proposition 4.23, the cone of the second vertical
arrow shifted by —1 is isomorphic in DP(S) to an admissible complex, and the composite
morphism

Lji*Me — Lj*Ke — K,

is an isomorphism. Besides, since the last vertical arrow of the morphisms of distinguished
triangles is the identity, the nine lemma shows that any vertical morphism from L, to M,
defining a morphism between the two vertical distinguished triangles is an isomorphism.
Hence the composition

Lji*Le — Lj*Ke — Ko
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is an isomorphism. To conclude, it suffices to replace £ an admissible isomorphic complex,
which will be automatically bounded.
(iv) — (v) Same proof as in the local case. O

5.83. The case of a single sheaf

In this section, we deal with the case where Cq is concentrated in a single degree. The
main result we prove is the following:

Theorem 5.7. Let K be a sheaf of Og-modules. Then the cone of Ox[—1] is isomorphic
in DP(X) to 7271 1Lj* K.

Proof. The complex Qf ® K — PL(K) is a resolution of K. Besides, this complex is
1-admissible (see Definition 4.11): indeed, thanks to Theorem (4.8), the map

Torg(Q ® K,0x) — Torg(PL(K), Ox)
is surjective. Therefore, 721 Lj*K is isomorphic to
E® K — jPL(K)
in DP(X). This gives the result. O

In this situation, we can complete the picture of Theorem 4.8 by the two following
results:

Theorem 5.8. For any sheaf IC of Og-modules, the following properties are equivalent:

(i) The HKR class © vanishes.

(ii) The morphism Lj*K — j*K admits a right inverse in D~ (X).
) The object 7=~*Lj*K is formal in D~ (X).

) The sheaf K extends to an admissible sheaf on S.

(iii
(iv

Under any of these conditions, Lj*K ~ j*K @ LLj* Torg (K, Ox)[1].

Proof. (ii) < (iii) Obvious.

(i) & (ii) and (iv) — (ii) Follows from Theorem 5.6.

(i) — (iv) According to Theorem 5.6, there exists an admissible complex L, con-
centrated in negative degrees and a morphism from L, to K in D4™(S) such that the
composition

J*Le — K
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is an isomorphism. According to Proposition 4.21, we can replace L, by its last truncation
Ho(L,), which is still admissible. O

Corollary 5.9. Let KC be a sheaf of Og-modules. Then Lj*K is formal in D~ (X) if and
only Ok and {G)Tor%S(IC,OX)}pZO vanish.

6. Structure of derived self intersections
6.1. Preliminar material

We fix a pair (X, .S) where S is a locally trivial thickening of X defined by a pair (Z,7n)
where Z is a locally free sheaf on Z and 7 is a class in Extg, . (Q%,7). We now specialize
to the case the complex of Og-modules K4 is of the form j,V, with V, a complex of
Ox-modules.

Lemma 6.1. The direct image functor j.: C~(X) — C~(S) factorizes through a functor
ju: DT(X) — D*m(S)

that lifts the usual push forward functor j. at the level of derived categories.

Proof. We must prove that for quasi-isomorphism ¢: V4, — W, between elements in

C~(X), j«p is an isomorphism in the admissible derived category D™ (S). This is

straightforward, since j,¢ equals o, and Toré(j*cp, Ox) equals idz ® . O

As a corollary, we can consider the diagram

id

D—(X)

Tor%s (%, 0x)

Tor%gs(*, Ox)[2

L
I[2] ® *

which gives a natural transformation ©; (,): Id — T [2] ® x between endofunctors of
D~ (X). For any object Vo of D™ (X), the corresponding morphism of D~ (X) is ©;,y,.
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By a slight abuse of notation, we will denote it by ©y,. Remark that Proposition 5.4
gives an explicit description of ©y),.
Let us give a few properties of the endofunctor Lj*j, of D~ (X).

— The functor Lj*j, is continuous (i.e. commutes with arbitrary limits and colimits).

— Given a nonzero complex V, in D?(X), Lj*(5.V,) is never bounded.

— The functor ILj*j, carries a natural lax monoidal structure: if V, and W, are sheaves
on Ox-modules, the product map is given by the composition

L
]*]*Vo ®Ox ]*]*Wo

|

L
]*(]*Vo ®OY j*Wo)

|

L L
j*j*(vo Qox ]*]*W-) - j*j*(V. RVox W.)

and the unit is Ox ~ j*Og ~ Lj*Ogs — Lj*(j.Ox).
— The ring object Lj*(j.Ox) in D~ (X) is the structural sheaf of the derived intersec-
tion of X in S.

In the single sheaf case, we can provide a simple formality criterion under some additional
hypotheses:

Theorem 6.2. Let V be a coherent sheaf of Ox-modules which is not a torsion sheaf.
Then the following properties are equivalent:

(i) Ly*(juV) is formal in D~ (X).
(ii) 72721Lj*(j.V) is formal in DP(X).
(iii) ©y and Oz vanish.

Proof. (i) — (ii) Obvious.
(ii) — (iii) If 722 is formal, then Theorem 5.8 implies that ©y, vanishes and that

Lj*(3:V) =V e Lj*(j-(Z @ V))[1].

Hence 72~ ' Lj*(j.(Z®V)) is formal, so Oz vanishes. Using Corollary 5.5, the derived
trace of Ozgy with respect to the factor V is » x ©1 where r is the generic rank of V.
As r is nonzero, ©7 vanishes.

(iii) — (i) If ©7 and Oy vanish, then all the classes Ozergy vanish, so Lj*(j.V) is
formal thanks to Corollary 5.9. O
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Assume that the thickening S is globally trivial, that is the morphism j admits a
global retraction o: S — X. Then every complex of sheaves V, in C~(X) admits an
admissible resolution Ky, , which is 0"V, ® Ko, where Ko, is the complex

con = IO 5 ¥ I®? — 6T — Og.
This gives a distinguished HKR isomorphism

Lo Lj*(j:Ve) = €D I @ Vs [p)
p=>0

in D7 (X). Besides, via this isomorphism, the lax monoidal structure on ILj*j, is simply
given by the shuffle product (see [8, Proposition 1.10]). We now come back to the general
case, and set the following definition:

Definition 6.3. The Arinkin-Caldararu functor is the element H of Enchtgg(Cb(X )
defined by

H(V,) = cone (2% @ Vo — PX(W)).

Thanks to Propositions A.2 and 2.8, the functor H is exact, and is naturally a lax
monoidal functor of CP(X). Hence:

— According to Theorem 3.18 (ii), the functors H™ and HI"! are exact and bounded.
They are also naturally lax monoidal functors thanks to Proposition 3.15.

— By Proposition 3.15, the natural morphism from H"™ to H!I"! is multiplicative.
Theorem 3.18 (ii) implies that this morphism is a quasi-isomorphism.

— All these structures extend on C~(X), and can be defined on D™ (X) using flat
resolutions.

Let us discuss the case where S is a globally trivial thickening of X. Let T be the
element of EndFct},(C"(X)) defined by

TVe) =Z RV, [1] & V.
Thanks to Proposition 3.19,

— T is naturally isomorphic to V, — D50 %7 @ Ve [p.
— The natural map from T to Tl is a quasi-isomorphism.

Proposition 6.4. If there exists a global retraction o: S — X and if U =
cone (idcb(x) — idcb(c)), then there is a natural exact sequence

0 — U(Q @ Ve) — HVs) — T(Ve) — 0
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of dg-endofunctors of C*(X), and for any nonnegative integer n the map from H™ to
T is a quasi-isomorphism.

Proof. The first part follows directly from the exact sequence
0— '@V — PE(Ve) — 0" Ve — 0

obtained in the local case in the proof of Theorem 4.8. For the second part we have a
commutative diagram

HM L Tlnl

"
glnll = 7l

where the bottom horizontal map is a quasi-isomorphism because of Proposition 3.15.
Hence the top horizontal map is a quasi-isomorphism. O

6.2. Main theorem

In this section, we compute explicitly the functor Lj*j.. Consider the endofunctor
p: Ko — cone (2} ®0s Ko —> PL(Ks)) of CP(S) (see Definition 4.13 for the local
case); it is a bounded dg-endofunctor of CP(S). There is a natural morphism

JTono . — T o (juo ) opoj. s H

of dg-endofunctors of C(X). For any nonnegative integer n, we define a natural trans-
formation y,,: Lj*j. — HI[MI as follows: for any complex V, in C~(X) the morphism
Xn(Ve) is the composition.

Lj*(juVe) <= Li*ul™ (5 Ve) — 5 ul" (5. V) — HM (V).

Theorem 6.5. Assume to be given a pair (X, S) where X is either a smooth scheme over
a field of characteristic zero or a complex manifold, and S is a locally trivial infinitesimal
thickening of S. Then the following properties are valid:

(i) The morphisms xp: Lj*j. — HIM are multiplicative.
(ii) For any complex Vs concentrated in negative degrees, the local homology morphism
Hp(xn(Ve)) is an isomorphism for 0 < p <mn.
(iii) The sequence of morphisms (Xn)n>0 define a multiplicative isomorphism

Lj*j. ~ lim H".



60 J. Grivauz / Advances in Mathematics 361 (2020) 106924

(iv) If S is globally trivial and o is an associated retraction of j, the composition

Lj*j. ~lim A" — lim 7" ~ €5 7%7 @ (%) [p]
n n pZO

is the generalized HKR isomorphism I',.

Proof. (i) The functor pl™ is a lax multiplicative endofunctor of C~(S), and the mor-
phism from p[™ to idg-(s) is also multiplicative. If Py, and Py, are two flat resolutions
over X of complexes V, and W, in C~(X), we have a commutative diagram

1" (5. Py,) ®oy pM (G Pw,) — n (. Py,) @0y 1M (G Pw,) — n (. Py, @0y j.Pw,)

|

L
JPy, ®oy juPw, ———— j Py, oy jsbPw, J«Pyv, @0y JxPw,

The morphism from j* o ul™ o j, to H™ being multiplicative, we get a commutative

diagram

L
Lj*(5:Ve @ W)

L
Lj*(j:Ve) @ Lj* (. V)

t 2

L
Lj*u? (j. Py,) @ Li*ul (5. Py, ) — Lj*ul (5. Py,) ® Lji*pl (. Pw,) —— Li*ul (5. Py, ®og joPw,)

|

S G Py,) ® 5 u (G Pw,)

|

L
HIM(Py,) @ HIM(Py,) —————— H"(Py,) @ H"(PRy,) ————— H"(Py, ® Py,)

3 (G Py, @0, jPw.)

[l L
T MG Py,) @ p™ (54 P, )

which proves that x,, is multiplicative.
(ii) As Lj*j. is continuous, we can assume without loss of generality that V, is

bounded. Let us denote by O the natural morphism from idcw(gy to & = cone u. There

is a natural morphism
ﬁoj*—>j*oj*oﬁoj*l—>j*oﬁ

of dg-functors from CP(X) to CP(S). For any nonnegative integer n, this gives a mor-

phism

Qn: i"0jy = o " og, — fioj,o H" L
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Now we have a commutative diagram

. Shods
Mnoj*%’un+l

0 Jx

Qn l l An+1

ﬁoj*o]?[”_lﬁﬁoj*oﬁ"

where the morphism S is the alternated sum defined by (2),*! and the bottom morphism
W,, is the sum of fi o j. (SX ;) and of the morphism obtained as the composition

O, 0fn

ﬁoj*oﬁnflﬁj*oﬁ"—>ﬂoj*of{in.

Let §, denote the dg-functor from CP(X) to CP(S) defined as the iterated cone of the
complex

. WO ~ . Wl ~ . et Wn71 ~ . 7 1
Jx 14O Ju poj.oH pojg.oH" .

Thanks to the previous discussion, we have a chain of natural transformations
o, — o 5, — 5.

For any complex V, in CP(X) concentrated in nonpositive degrees, the corresponding
morphisms

M (o Ve) — 5 (5. Ve) — (V) (21)

are all quasi-isomorphisms. Indeed, we have a diagram

ﬁ[n] (jiVe) — ﬁ[[nﬂ (j<Ve)

P

~

j*vo <~ %n(VO)

where the left vertical arrow is an isomorphism thanks to Theorem 4.16, and the diagonal
arrow is an isomorphism since f is quasi-isomorphic to zero. We now claim that §, (V)
is an n-admissible complex, which is a purely local problem. Hence we can assume that
S is globally trivial. If T is the shift functor defined by'2

1 Since we are going to use the construction of §3.1 for the pairs (fi, (:)) and (ﬁ, ©), we put a superscript
to distinguish them.

12 This definition doesn’t match with Definition 3.13 when T is the functor Z[2] ® %, however it differs
from it by an element in the center of Enchtdg(Cb(X)) whose image lies in null homotopic complexes.
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T(V) =T @ Vu[2]
then there is a natural quasi-isomorphism from H to 7~“, and the diagram
idew (x)

AN

H T

commutes. Hence, if F1°¢ is the iterated cone of the complex

oc oc 1
U L U WaZ
Je — > 0 jy —> fioj,oT

11O Jx o1

where W)°¢ is given by the composition

ej*o’f“P

W;JOC:ﬁOj*OT”_l—>j*0ﬁ0fp_1—>j*0fp—>ﬁ0j*0fp,

there is a natural quasi-isomorphism from F,(Ve) to F°¢(V,). Besides, thanks to
Lemma 6.1, all arrows from o j, o HP to 110 % 0T induce isomorphisms in the admissible
derived category D*™(S), so the morphism from F,, (V) to F°¢(V,) is an isomorphism
in D24m(S). Hence, the claim is equivalent to the fact that F°¢(V,) is n-admissible.
For any complex Ko of Ox-modules, thanks to Proposition 4.14 and to the isomor-

phism Torls(j*lC., Ox) ~ZI® K,, we have two commutative diagrams
Tor (ji 0 j.(Ka), Ox) —— Torg(j. o H(K.), Ox) — Torg(j. o T(K.), Ox)

l (10) |

I®? QK2 I ® K, 1% @ Kl[2]

and

ixKe

Tor§(j.Ke, Ox) Torg (i 0 jx(Ks), Ox)

IT®K.

T2 QK2 DL @ Ko

This gives the diagram
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- Tor}g(W;)OC,OX) -
Torg(fi o j. o TP~ (V,), Ox) Torg(fi o ju o TP(Vs), Ox)

| L |

TOPHL @V, [2p] © I @ V,[2p — 2] —— T®PT2 @ V,[2p + 2] © IO @ V, 2]

and we get

Tor§(§¢(Ve), Ox) = I @ Va[n]

so that §°¢(V,) is n-admissible. This proves the claim. The chain of morphisms (21)

induces a commutative diagram

~

T

! |

HM(V,) - HIIM(Y,) —— HI"(},)

where the top horizontal row is an isomorphism as pl™(V,) and §,(V.) are both n-
admissible, and the bottom horizontal row is an isomorphism thanks to Theorem 3.18.
(iii) follows directly from (ii).
(iv) Let Z be the dg-functor from CP(X) to CP(S) defined by

Z(Ve) =cone (Z @ Ve — *Vs).

There is a natural morphism o j, to Z. If Z = cone (S —> j,), there is a natural
morphism Z — T such that the diagram

Z

Ho s

S

T

commutes. Hence we get another commutative diagram
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ﬁoj*ﬁj*oﬁﬁj*ofﬁﬁof

L l

Z%—j*of’ j*of%gof

where for any V., vy, is the composition

IRV, oV, Ve

T2 @ Ve —= 0" (ZQ@V,) —= TRV,

If 8, is the functor from CP(X) to CP(S) defined as the iterated cone of the functors

~ v ~ ~ 7 VYpn—2 ~

o 7 ZoT ZoTn 1,

(n)

then there is a natural morphism from §'°¢ to £,, and if I';"’ is the composition

Lj*(j:Ve) ~= DI @ Vs [p —>@I®P®V [p] = T (V,)
p>0 p=0
we have a commutative diagram
Xn jrEloe > gl

Hnl

Lj*j« ~
Fg") ]*ﬁn - T[[n]]
Tlnl ~

This finishes the proof. O
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Appendix A. Multiplicativity of principal parts

Let X be a smooth scheme over a field of characteristic zero (or a complex manifold).
Our aim is to prove that the principal parts functor P% is naturally a lax monoidal
functor. Although we didn’t find explicitly the material of this section in the literature,
the method we use can be found in a slightly different form in [24].

Let D be the diagonal in X2, let W be the subscheme of X? defined by

Ow = Ox2 /T3,

let p; the two projections from X2 to X, and let ¢; (resp. ¢ij) be the three projections
from X3 to X (resp. from X3 to X?). Then for any sheaves F and G of Ox-modules,

Py (F) @ PX(G) = p1.(Ow ® p3F) @ PX(G)
= p1+(Ow @ p3F © pi Px(G))
= p1+(Ow @ p5.F @ py p1+(Ow @ p5G))
= p1.(Ow @ P53 F @ qr2+ ¢13(Ow @ p5G))
= q1:(¢12 Ow ® 413 Ow ® ¢ F ® 3G).
Let 6: X x X — X x X? = X3 be the partial diagonal injection on the two last factors

of X3 given by §(z1,22) = (21,72,72), and let T be the image of §. Then we get a
morphism

Py (F) @ PX(G) — q1:(¢f2 Ow ® i3 Ow ® Or @ ¢ F @ ¢50)
= q1+(q12 Ow ® 13 Ow ® 0.0x2 ® (3. F ® q3G)
= q1+0+(67 (412 Ow ® 413 Ow ) ® 07 (g5 F ® q3G))
= p1«(Ow @ p5.F @ p3G)
=P%x(F®Q)

which is a morphism of bifunctors
m: PL (%) @ PL (3k) — PL(x @ #x).
Lemma A.1. The morphism m is associative.
Proof. For any positive integer n, let us denote by A;; the partial_diagonal in X™ cor-
responding to the equality of the ith and jth components, and let A;; be its first formal

neighbourhood in X™. For n = 3, there is a natural morphism

OZ12 ® OZIS - OZ12 ® Ozm ® OA?S
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between subsheaves of X3. This morphism, interpreted as a morphism of correspondences
from X? to X, is exactly m. Then the associativity of m follows from the commutativity
of the diagram of subsheaves of X*

Ole ® OZIS ® OZM Ole ® OZIS ® OZM ® OA23

| !

Ozlz ® OZIS ® OZM ® 0A24 - OZ12 ® OZIS ® OZM ® OA234

viewed as correspondences between X2 and X. O

The sheaf P (Ox) is canonically isomorphic to Q% @ Ox. Hence the second inclusion
defines a natural morphism

U OX — Pk(@x)

Proposition A.2. The pair (m, 1) endows the principal parts functor P, with the structure
of a lax monoidal functor.

Proof. We must check that the properties of Definition 2.5 are satisfied. For any sheaf
F of Ox modules, let us describe the composition

P (F) *55 PX(F) @ Px (Ox) = P (F).
The unit morphism Ox — P4 (Ox) is given by the morphism
Ox — p1+ Ox2 — p1. Og -
Let us consider the diagram

71+(0x,, ® O, @ $3F) — q1:(Ox,, ® Ox,, @ Op,, ®@ ¢3.F)

|

ql*(OZn ® q;f) ql*(OZu ® On,y @ q;f)

|

P1+(Ox,, @ p3F) p1+(Ox,, ® p3F)

The top horizontal arrow is the map P (F) ® PL(Ox) — P%(F), and the top round
arrow is the map P4 (F) — P (F) ® PL(Ox). This proves the first property of Defi-
nition 2.5. The second one is proven in the same way. 0O
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Appendix B. Derived equalizers via model categories

In this section, we explain briefly how to use model categories to prove that the derived
equalizers introduced in §3.2.3 can be interpreted as specific derived Quillen functors.

Let M be a model category. For any object a in M, we denote by M /a the model
category of objects lying over a. For any morphism ¢: a — b in M, the push forward
functor

Yi: Mja — M/b

is a left Quillen functor, i.e., it admits a right adjoint. We call it the right adjoint of .
the pullback functor of ¢, and denote it by

©* MJ/b— M/a.
If n in a positive integer and b = Il;c{1 ,) a = a”, we have
Hom g (a,a™) ~ Hompq(a,a)™.

Hence there is a natural map i,: a — a™ corresponding via the above isomorphisms to
(idag, - - - ,ida), and the pullback functor

ir: M/a" — M/a

is a right Quillen functor. The functor i} admits a very simple description: an object
in M/a™ consists of an object m on M together with n maps in Home(m, a). Then its
image by i, is the equalizer of these n maps.

We can derive these functors, obtaining a pair of adjoint functors

Li, *
Ho(M/a) —= Ho(M/a™)
Ri”

Explicitly, the functor Ri,* is obtained as follows: for any object ¢ — a™ in Myn, we
take an object ¢’ such that the composition

d—c—a"

is a fibration in M. Then Ri (c) = i%(¢).

We apply this construction to a very specific situation corresponding to the setting of
derived equalizers: let C be a k-linear category and let M be the category of dg modules
on CP(C) ® CP(C)°P. Then M can be described as follows: its objects are dg-functors
from CP(C) ® CP(C)°P to the category C(k) of complexes of k-vector spaces, and its
morphisms are natural transformations between dg-functors.
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As any category of dg-modules, M has a natural model category structure defined by
Toén and Vaquié (see [28, Def. 3.1]), where weak equivalences and fibrations admit the
following description: if ¥: U — V is a natural transformation between two objects
of M considered as dg-functors, then ¥ is a weak equivalence (resp. a fibration) if and
only if for any object K of CP(C) ® CP(C)°P, ¥(K) is a quasi-isomorphism (resp. ¥(K)
is surjective). There is a fully faithful embedding

12 EndFetqg (CP(C)) — M
given by
{(F)(K @ L) = Homg o (L, F(K)).

Let ¢: F — G be a natural transformation between to dg-endofunctors of C(C). Then
t(p) is a weak equivalence (resp. a fibration) in the model category M if and only if
for any object K of CP(C), the morphism ¢ is a quasi-isomorphism'® (resp. ¢r is
surjective).

Assume to be given a couple (H, V) where H is in EndFetqy(CP(C)) and ¥: H —
idgp ¢y is a natural transformation. For any nonnegative integer n, H" is endowed with
n natural maps to idew(c), so that we can consider ((H™) as an element in the category

Proposition B.1. Assume to be given a triplet (C, H, ). Then for any nonnegative integer
n, the following assertions are valid:

— o(H!M) =i {u(H™)}

~ A% is a fibrant element in M/id¢w ¢y and the natural map A% — H" is a weak
equivalence.

— o(HMY s isomorphic to Rix{c(H™)}.

Proof. The first assertion is straightforward, and the third assertion is a direct conse-
quence of the second. The second assertion follows from equation (7). O
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